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Abstract

This review surveys theoretical frameworks developed to describe rubber contact and
friction on rough surfaces, with a particular focus on tire-road interaction. It begins with
classical continuum approaches, which provide valuable foundations but show limitations
when applied to viscoelastic materials and multiscale roughness. More recent formulations
are then examined, including the Kliippel-Heinrich model, which couples fractal surface
descriptions with viscoelastic dissipation, and Persson’s theory, which applies a statistical
mechanics perspective and later integrates flash temperature effects. Grosch’s pioneering
experimental work is also revisited as a key empirical reference linking friction, velocity,
and temperature. A comparative discussion highlights the ability of these models to capture
scale-dependent contact and energy dissipation while also noting practical challenges such
as calibration requirements, parameter sensitivity, and computational costs. Persistent
issues include the definition of cutoff criteria for roughness spectra, the treatment of
adhesion under realistic operating conditions, and the translation of detailed power spectral
density (PSD) data into usable inputs for predictive models. The review emphasizes
progress in connecting material rheology, surface characterization, and operating conditions
but also underscores the gap between theoretical predictions and real tire-road performance.
Bridging this gap will require hybrid approaches that combine physics-based and data-
driven methods, supported by advances in surface metrology, in situ friction measurements,
and machine learning. Overall, the paper provides a critical synthesis of current models
and outlines future directions toward more predictive and application-oriented tire-road
friction modeling.

Keywords: contact mechanics; tire friction; local contact area; road roughness; viscoelasticity

1. Introduction

Tires are the key functional link between a vehicle and the road, transmitting the forces
that enable acceleration, braking, steering, and stability. Their performance directly affects
handling, comfort, safety, and energy efficiency. At the core, tire behavior is governed by
the interaction between rubber and the rough road surface, which determines the available
grip. Understanding this interaction requires a solid foundation in contact mechanics and
friction theory [1-5].

Beyond tire-road applications, closely related rubber—shell interactions occur in fric-
tional dampers, shell-type shock absorbers, and elastomeric elements radially confined
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within curved housings. In these systems, contact mechanics controls local conformability
and energy dissipation under confinement/curvature. Both analytical models (e.g., inter-
action of elastomeric fillers with open shells; structural damping in shell shock-absorber
friction modules) and numerical studies (e.g., simulation of novel frictional dampers;
adaptive behavior of shell-type elastic elements for drilling shock absorbers) show how
viscoelastic contact principles extend to curved geometries [6-9].

Contact mechanics, a core discipline of tribology, investigates how solid bodies interact
when in contact, whether under static or dynamic conditions [10-15]. Rooted in materi-
als science and continuum mechanics, it provides a framework to analyze deformation
under load, the distribution of stresses and pressures at interfaces, and the emergence of
frictional forces [16-19]. High local stresses often develop at contact points, which may
lead to fracture, yielding, fatigue, or wear. A key concept is therefore the determination
of contact pressure, strongly influenced by geometry, material properties, and applied
load [20-23]. Adhesion also plays a significant role, as intermolecular attraction between
surfaces contributes to static friction, energy dissipation, and wear, particularly in soft
materials such as rubber [24-27].

In practice, tire-road interfaces involve surfaces with pronounced roughness and cur-
vature, resulting in highly localized contacts. The actual contact area is much smaller than
the nominal footprint, generating elevated stresses and complicating friction prediction.
For rubber, the degree of penetration into road asperities is critical, as it controls both
hysteretic energy loss and adhesion [28-30]. This effect is commonly quantified by the ratio
of real to nominal contact area (A./ Ap), where A is the projected footprint and A, is the
true contact area. This ratio links surface roughness, rubber viscoelasticity, and loading
conditions and is widely used in predictive friction models.

Ultimately, an accurate description of the A./ Ay ratio is central to understanding
interfacial phenomena such as thermal and electrical resistance, adhesion, wear, and fric-
tional behavior [31,32]. Modern contact theories therefore integrate realistic topographies,
viscoelastic material response, and load dependence to provide a more reliable description
of tire-road interaction.

2. Overview of Contact Mechanics

Classical contact mechanics established the analytical foundations for describing
stresses, deformations, and real contact areas under load. Although developed for smooth,
elastic bodies, these models remain the starting point for modern extensions to rough and
viscoelastic surfaces. The most influential formulations include Hertz’s solution for elastic
contact, statistical models that incorporate surface roughness, and adhesive theories that
account for intermolecular forces.

2.1. Hertzian Contact Theory

The foundation of modern contact mechanics can be traced to Heinrich Hertz’s seminal
work in 1882 [33]. Hertzian theory describes the localized stresses and deformations that
arise when two elastic, axisymmetric, parabolic bodies are pressed together under a normal
load [33-35]. It provides closed-form expressions for contact area, pressure distribution,
and surface displacements as a function of applied force, radii of curvature, and elastic
properties. Importantly, the solution applies to non-adhesive contacts, where no tensile
stresses occur in the contact patch. Despite its assumptions, Hertzian theory remains a
cornerstone for more advanced models.

Although originally derived for parabolic geometries, Hertzian solutions remain
accurate when applied to practical cases such as sphere-sphere and cylinder—cylinder
contact [36-38]. In these cases, theoretical point or line contacts are replaced by finite contact
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areas due to elastic deformation, leading to so-called Hertzian contact stresses [39,40].
The theory assumes small deformations, an unchanged geometry, and a purely elastic
response. For two cylinders, the pressure distribution is nearly parabolic, peaking at the
center, where the maximum contact pressure p;,;x occurs, and vanishing at the edges.

A simplified yet widely used configuration is the indentation of an elastic half-space
by a rigid sphere, illustrated in Figure 1.

Figure 1. Elastic half-space indented by a rigid sphere of radius R [20].

In this case, the indentation depth d and the contact radius a can be expressed analyti-
cally in terms of the load F, sphere radius R, and effective elastic modulus E*.

The principal Hertzian equation for a spherical elastic body indenting on an elastic
half-space is reported in [20,26]. Assuming a quadratic pressure distribution:

2
p(r) = Pmax 1_;2/ r<a, 1)

the resulting force—displacement relationship takes the form

F — %E*Rl/2d3/zl (2)
from which the key Hertzian expressions follow:
1/3
_ (3FR\'/? [ 6FE*?
a = 4E* ’ Pmax = W . (3)

The effective elastic modulus E* accounts for the properties of both bodies:

1 1-v 1-13
Ex L E, ’

(4)

where E; and v; are Young’s modulus and Poisson’s ratio of body i.
Figure 2 further illustrates the quadratic pressure distribution under increasing vertical
loads, showing how the maximum pressure grows while the contact radius expands accordingly.
Although Hertz and subsequent extensions by Sneddon [41,42] did not account for
adhesion, this framework remains the analytical basis for many modern models of rough
surface contact, where asperities are idealized as spherical indenters on an elastic half-space.
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Figure 2. Quadratic pressure distribution of Hertzian contact under different vertical loads.

2.2. Surface Roughness in Contact Mechanics

Incorporating surface roughness into contact models presents a major challenge, given
the stochastic and multiscale nature of real topographies [43-45]. A common approach
is to describe rough surfaces as ensembles of asperities, each treated individually using
Hertzian contact mechanics [46].

The pioneering work of Bowden and Tabor (1939) revealed that the real contact
area between two rough surfaces is only a fraction of the nominal footprint [47]. Their
observations demonstrated that asperity-level interactions dominate the stress distribution
and can induce yielding or failure [16], establishing the basis of modern tribology [48-51].

Building on this paradigm, Archard [52-54] explained the experimentally observed
linear relation between real contact area and applied load, which the classical Hertzian
theory could not capture. He proposed a multi-asperity model where overall contact arises
from the superposition of many Hertzian microcontacts, with the number of asperities
scaling linearly with load. Archard also recognized the inherently multiscale nature of
roughness [55,56], anticipating later fractal descriptions [57-61].

Following Archard, Greenwood and Williamson (1966) and Bush et al. (1975) provided
rigorous mathematical frameworks for statistical modeling of rough surfaces [20,22,62,63].
The Greenwood-Williamson (GW) model is particularly influential, describing a rough
surface as a population of spherical asperities with identical radii but randomly distributed
summit heights. Each asperity deforms independently under Hertzian theory, and the
overall contact is obtained by integrating the contributions of all asperities [64—67]. At
its core, the GW model assumes that the asperities deform independently and that their
summits are spaced sufficiently apart to neglect mutual interactions [68].

For rubberlike materials, the assumption of identical, non-interacting spherical as-
perities introduces some inaccuracies because the large compliance of the polymer causes
neighboring contact spots to elastically interact through overlapping deformation fields.
Finite-element and boundary-element analyses have shown that this simplification can
overestimate the real contact area by 20-40% under typical tire-road pressures and under-
estimate the local peak stresses by a similar factor.

As illustrated in Figures 3 and 4, the spherical asperities higher than the mean separa-
tion d contribute to the contact.
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Figure 3. Contact between a rigid plane and a nominally flat but rough surface. Only asperities taller
than the separation d contribute to load support [69].

(0]

Figure 4. Schematic representation of the Greenwood-Williamson statistical asperity model [69].

The contact radius g;, area A;, and load F; of a single asperity with height z are
a;=/R(z—d), A;j=nR(z-d), F=3%ERY?(z-d)%? (5)

where E* is the effective elastic modulus (Equation (4)).
The total real contact area and load follow from integration over the asperity height
distribution ¢(z):

A. = TNR /doo(z —d)p(z) dz, F= %E*NRl/Z /doo(z —d)32¢(z) dz, (6)

where N is the total number of asperities. Introducing the surface density 7 with N = A,
Greenwood and Williamson expressed these integrals in terms of the normalized separation
t = d/o and the dimensionless functions F; ():

R = [ =09 @)z 7)

where ¢*(z) is the standardized distribution [20,62].

The GW model thus links microscopic roughness features to macroscopic contact
parameters such as load and real contact area, providing a powerful statistical framework
that remains widely used in analytical and computational tribology [70-73].

Bush et al. [63,74] extended the GW formulation by adopting paraboloidal asperity
summits and confirmed the linear scaling of real contact area with load under small
deformations. Despite the simplification of neglecting asperity interactions, both the GW
and Bush models remain indispensable in tribology, especially for applications involving
rubber—road interaction and tire dynamics.

2.3. The Role of Adhesion in Contact Mechanics

Adhesion plays a crucial role in contact mechanics, especially for soft materials such
as elastomers [75-78]. Attractive intermolecular forces between solids in close proximity
explain why a finite load is needed to separate two bodies in intimate contact [79-81]. This
effect is particularly relevant under light loads [24,82]. Experimental studies confirmed
that contact areas at low loads are significantly larger than Hertzian predictions and remain
finite as the load approaches zero [83,84], consistent with earlier estimates by Bradley [85].

Compared to Hertz, the JKR theory provides a more accurate description of soft
materials, as adhesion enlarges the real contact area and thus the friction coefficient, leading
to closer agreement with experimental evidence (Figure 5).
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Figure 5. Comparison between JKR and Hertz theory for a rubber sphere in dry contact with a flat
surface [86].

Hertzian theory, while foundational, neglects adhesion [33]. Real surfaces, however,
experience adhesive interactions at the molecular level that enlarge the contact area be-
yond purely elastic predictions [25,87,88]. To address this, two classical adhesive contact
models were introduced: the Johnson-Kendall-Roberts (JKR) theory [89] and the Der-
jaguin-Muller-Toporov (DMT) theory [90]. Both extend Hertz’s formulation by including
van der Waals forces.

The JKR model accounts for adhesion within the contact region, predicting a finite
contact radius even at zero load [91-94]. By minimizing the total energy, Johnson et al.
derived the contact radius as

5_ 3R
4~

a (F +37Ry + \/67TRF'y + (37‘[Rfy)2) , 8)
where R is the reduced radius of curvature, E* is the effective elastic modulus (Equation (4)),
F is the applied load, and v is the surface energy. At v = 0, the Hertz solution is recovered.
JKR also predicts a pull-off force:

37R
Fikr = > i 9)

and a pressure distribution modified by adhesion [89].

Although the original JKR formulation addressed the contact of a sphere on a plane,
its methodology is extendable to other geometries, such as sinusoidal surfaces [95].

The DMT theory, in contrast, retains Hertzian stresses inside the contact area but
adds adhesive forces acting outside the contact area, modeled via a Lennard-Jones
potential [96-99]. Thus, JKR incorporates adhesion inside the contact area, whereas DMT
applies it externally. The schematic comparison between JKR and DMT is reported in
Figure 6.
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Figure 6. Schematic comparison of the DMT and JKR adhesive contact models [25].

Although conceptually different, both JKR and DMT reduce to the Hertz solution in
the absence of adhesion [100]. Initially treated as competing models, their applicability
was clarified by Tabor [101], Muller [102] and Maugis [103], who showed that JKR is
appropriate for soft, highly adhesive materials, while DMT better describes stiff, weakly
adhesive systems [104].

Maugis later introduced a unified formulation [105-108], parameterized by a di-
mensionless Maugis parameter A, which quantifies the relative importance of adhesion
versus elasticity:

. A < 1: DMT regime;
e A> 1:JKRregime.

This parameter corresponds physically to the ratio between adhesion-induced elastic
deformation and the range of adhesion forces [109,110].

For typical tire tread compounds, the Maugis parameter A generally falls within
the intermediate transition regime, implying partial adhesion within the contact region.
Experimental investigations on filled SBR and NR blends have shown that A decreases with
increasing temperature—mainly due to the reduction in surface energy <y and the elastic
stiffening of the rubber matrix. Elevated humidity or hydrophilic surface contamination
tends to lower the effective surface energy, shifting the contact behavior toward the DMT
limit, whereas clean, dry interfaces reinforced with silica or carbon black exhibit higher A
values. Therefore, real tire-road interactions typically operate in a mixed or transitional
regime where both adhesive and elastic contributions coexist.

In summary, adhesive contact models (JKR, DMT, and Maugis’ transition theory)
demonstrate that adhesion introduces nonlinear relationships between load and contact
area, highlighting the limitations of purely elastic theories and the critical role of surface
energy in realistic contact mechanics.

2.4. Modern Theories of Contact Mechanics: Rubber Block Sliding on Rough Surfaces

Over the past few decades, significant advances in contact mechanics have been
achieved through both experimental tools and numerical simulations [111-114]. A key
contribution is the semi-analytical framework of Kliippel and Heinrich, who extended
the classical Greenwood and Williamson (GW) model to describe the sliding of rubber on
rough surfaces [115,116]. Their approach incorporates the interplay between the viscoelastic
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properties of rubber and the multi-scale nature of roughness, accounting for both adhesive
and hysteretic friction contributions [117-124].

While the GW theory effectively models hard materials by assuming independent
asperities [62], this assumption fails for rubber, where compliant deformation fields overlap
at small scales. To address this, Kliippel and Heinrich adapted the GW model to include
asperity interactions, thus enabling a more realistic description of the real contact area
under sliding with velocity v and vertical load F (Figure 7).

F

SLIDING RUBBER | ¥,

ROUGH SURFACE

Figure 7. Rubber block sliding with velocity v on a rough counter surface under vertical load F.

In this formulation, the original height distribution ¢(z) is replaced by the summit
height distribution ¢;(z), obtained through an affine transformation, which better describes
the portion of the rough profile effectively in contact [116,125]. Introducing the standardized
separation t; = d/os, the GW functions F,(ts) can be evaluated, with Fy(ts) denoting the
probability of summit-rubber contact [115,125].

The model further incorporates the viscoelastic nature of rubber through its dynamic
complex modulus E*(w) [126-129]. Under standard assumptions (v1; = 0.5, E; < Ey),
the effective modulus becomes [125]

1 1—-v 1-v 3

E* E; E, T 4|E*(w)] {10

Considering the largest asperities as spherical caps of radius R, the normal load and
stress can be expressed in terms of the GW functions and the summit height distribution

as [115,125,130]
16

F = 5 ANS|E*())) R 2032 F3 o 15), (11)
F

0y = —. 12

0= 25 (12)

Similarly, the macroscopic real contact area A, is obtained as a fraction of the nominal
area Ay (Figure 8) and can be related to the fractal dimension D of the surface rough-
ness [115,125,131]:

_ @p-9
“ 7 12v3(2D — 2)

This fractal characterization is often performed through statistical descriptors such as
the Height Difference Correlation (HDC) function [132-134].

A()Fo(t). (13)



Appl. Sci. 2025, 15, 11558

9 of 26

Nominal Contact Area

4"}&
5 v A

Figure 8. Nominal contact area Ap and contributions to the macroscopic real contact area A .

™~ Macroscopic
— Contact Areas

Because roughness is inherently multi-scale, the real contact area A, is scale-dependent.
The yardstick method [115,135] illustrates this by showing how the apparent contact area
increases as smaller cavities are accounted for:

N 2—-D
AC(/\) = Acp (C) p A< §|| (14)

The smallest scale at which rubber conforms, A, is determined by an energy balance
between deformation, adhesion, and stored elastic energy [115]. This defines the effective
real contact area Ac (A, ), which is generally below 10% of the nominal contact area A at
high velocities and low loads [116].

In practical numerical implementations, Apin, is obtained by numerically solving the
energy-balance condition for the unknown wavelength under the assigned operating con-
ditions (velocity, contact pressure, and temperature). The computation uses the viscoelastic
modulus E*(w)—evaluated at w = 2710/ A via time—temperature superposition—and the
surface spectral descriptors as inputs. Hence, Apin represents the smallest wavelength at
which the deformation energy of rubber still compensates for the combined elastic and
adhesive contributions.

Recognizing that road surfaces are better described by two scaling regimes (macro-
and micro-texture), Kliippel and Heinrich extended their theory accordingly [115,125].
The contact area expression then becomes

2-D
_ Q 1 Amin 2
Ac(A) —Ac,()( 6“) ( - ) . (15)

The adoption of two scaling regimes is not arbitrary but reflects the two distinct slopes

typically observed in asphalt spectra (macro- vs. micro-texture).

Some results from this theory, showing the ratio A/ Ag as a function of sliding velocity
and pressure, are reported in Figure 9. Increasing velocity reduces A, as rubber becomes
glassy, while higher contact pressure increases indentation depth and enlarges the real area
of contact. Overall, A, remains a small fraction of A.

In summary, the Kliippel-Heinrich extension of the GW framework captures the scale-
dependent behavior of rubber sliding on rough surfaces by combining fractal descriptors
of roughness with the viscoelastic properties of elastomers. This provides a solid physical
basis for the subsequent development of tire friction models.
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Figure 9. Ratio of real to nominal contact area as a function of sliding velocity at different pressures,
with model results following Kliippel-Heinrich prediction computed and plotted by the authors [116].

While Klippel and Heinrich’s framework provides a physically grounded extension
of GW to viscoelastic rubber on multiscale roughness, several assumptions (e.g., discrete
asperities, limited coupling across scales) motivate alternative descriptions. Persson’s
theory instead treats surface roughness as a continuous random field and formulates
contact as a scale-evolving stochastic process in stress space, offering a complementary and
often more general perspective on rubber-road interactions [136-141].

In Persson’s approach, the interface is examined at increasing magnifications { = L/A,
where L is the macroscopic contact diameter and A is the smallest resolved length scale [76,
142]. As { increases, new roughness wavelengths become visible and previously apparent
contact regions are revealed as (partly) non-contact regions. The relative contact area at
magnification { is

A .

P(g) = Iiog), with 0yAg = <0'>§A(€), (16)
so that P({) = 0o/ (c);. The average local pressure (c); follows from the stress probability
density P(c, ():

S oP(o,)do
(o), = o ZP@) 0. (17)
Jo P(o,0)do

The evolution of P(c, () is governed by a diffusion-like equation in which “time” is
replaced by magnification [142]:

dP(o, 0?P (o,

o) o) o, 18)
supplemented by (i) a reflecting /absorbing boundary at zero tension in the non-adhesive
case [143], P(0,¢) = 0, and (ii) the initial condition P(c,{ = 1) = é(¢ — 0p), i.e., uniform
macroscopic pressure 0y. The diffusion coefficient couples elasticity and roughness via the
power spectral density (PSD) C(q):

2
1@ =7 (155 10Pca@),  a@=atm=7 19

— 2
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where E is the effective modulus and v is the Poisson ratio [142,144].

Solving (18) yields the contact fraction at scale g:
2 [®sinx
Pq) == —x*G(g)] d 2
(9) =~ /0 — &P[—x"G(g)] dx, (20)
with the cumulative roughness-rheology functional
1 ra 271 E(q'vcos ) ’2

Glq) =</ q%°C(qd / ———" 1 dp dq, 21
(q) 8,1 () o | =0 ¢ dq (21)

where E(w) is the complex (frequency-dependent) modulus evaluated at w = g'vcos ¢,
with v being the sliding speed and ¢ being the angle between 7 and the sliding direc-
tion [142].

For 0p < |E(w)], the small-x limit of (20) gives the widely used approximation

P(q) ~ [nG(g)] V2, (22)

and an accurate interpolation valid across regimes is [142]

32\ —2/3
P(g) ~ (1+ [xG(@)]"*) 7. (23)
The real contact area at the finest resolved scale g; is therefore
Ac = Ao P(q1), (24)

with lower and upper cutoffs (4o, 1) bounding the self-affine PSD (macro to micro/atomic
scales). In practice, q; reflects physical limitations (contamination layers, surface films,
molecular smoothing), ensuring a finite A, even if the mathematical self-affinity extends to
very high g [142].

Persson proposed an empirical rule for g1 based on the rms slope of the surface:

Bos = 5= | Conlg)dq =13 (25)
rms 2 T 7 4

which fixes the upper cutoff by imposing a target slope level [111,145]. The upper cutoff is

thus defined following Persson’s slope-weighted description of roughness, which properly

accounts for short-wavelength features rather than relying solely on height amplitudes; this

prevents bias in the real contact area estimate by correctly weighting spatial frequencies.

While convenient, this method does not capture potential changes in rubber behavior
and chemistry at very small scales [146,147], and, more broadly, the choice of (1, A1) (or
(90, 91)) remains debated due to the lack of predictive mechano-chemical models for surface
evolution under local stress/temperature.

Unlike asperity-based models, Persson’s theory (i) directly embeds the multiscale PSD
into the contact solution, (ii) naturally incorporates viscoelastic dispersion via E(w) at each
g-scale, and (iii) predicts that P decreases with increasing magnification, while friction
can remain finite because energy dissipation accumulates across scales [136,137,139]. This
statistical mechanics view has become a cornerstone for modern friction modeling and will
underpin later developments discussed in the next section.

Beyond Persson, recent work by Miiser and co-authors has analyzed nonlinearity and
nonlocality in soft-hard contact, elucidating how microscale morphology and long-range
elastic coupling regulate contact area and interfacial forces [148,149].
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3. Fundamentals of Friction Theories

While contact mechanics establishes a framework for stresses and deformations at in-
terfaces, friction theories extend this foundation to explain how these interactions translate
into energy dissipation and grip. Rubber friction is a complex phenomenon influenced
by road roughness, contact area geometry, compound viscoelasticity, sliding velocity, and
interface temperature. Since the forces exchanged between the tire and road are fun-
damentally frictional, understanding these mechanisms is crucial for tire performance
analysis [150]. Over time, numerous theories have been developed to describe tire-road
interaction [151-153]. The effective friction coefficient is generally attributed to three
contributions: hysteresis, adhesion, and wear [154,155].

The hysteresis component (or indentation friction) originates from the internal vis-
coelastic deformation induced by asperities. As rubber slides, the time-dependent response
generates asymmetric pressure fields that oppose motion [156-159].

The adhesive component arises from molecular interactions (e.g., van der Waals forces)
forming at the true contact spots [160-166]. During sliding, bonds form, stretch and break,
with viscoelastic resistance contributing to friction. At higher sliding velocities, reduced
bonding time lowers the adhesive contribution [25,167,168]. Adhesion also increases the
effective area involved in hysteretic losses [154].

The third contribution, wear-related friction, occurs when sharp asperities excite the
rubber at high frequencies, possibly inducing local microfractures and energy dissipa-
tion [169]. However, this effect is usually negligible compared to adhesion and hysteresis
and was already considered minor in practical conditions by the 1960s [154].

Based on these considerations, the total friction force F is expressed as [154]

F=F,+F (26)

where F; and F;, are the adhesive and hysteretic contributions, respectively. A schematic
illustration of these mechanisms is shown in Figure 10.

I I L N N

RUBBER

FRICTION
—F=F+F,

—V

/CHIPS

Figure 10. Friction forces developed during tire-road interaction [155].

By dividing Equation (26) by the normal load, one obtains the total friction coefficient:

W= Ma+ Yy (27)

where y, and yj, denote the adhesive and hysteretic components. In wet conditions, the ad-
hesive term is strongly reduced by the water film, so most of the grip arises from hysteresis.
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Experimentally, the two mechanisms can be separated by repeating friction tests on
the same rubber/roughness pair with and without a thin inert lubricant (or dusting),
which strongly suppresses interfacial shear while leaving bulk viscoelastic hysteresis es-
sentially unaffected, so that the difference estimates the adhesive share. Although such
procedures cannot fully remove adhesion, they provide a practical means to quantify its
relative contribution. From a computational standpoint, adhesion is mainly associated
with the low-frequency range corresponding to slow interfacial slip, whereas hysteresis
dominates the higher frequencies linked to bulk viscoelastic deformation. These distinct
spectral domains—interfacial for adhesion and bulk for hysteresis—naturally prevent
double counting when the two mechanisms are superposed in hybrid models.

Over the years, several experimental and theoretical contributions have advanced the
understanding of these mechanisms, as will be discussed in the following sections.

3.1. Grosch’s Experimental Tests

One of the pioneers in rubber friction studies was Grosch, who conducted systematic
experiments to identify the main mechanisms of friction [170-173]. He showed that rubber
friction is primarily governed by adhesion and hysteresis and related these contributions
to the viscoelastic properties of rubber compounds.

Grosch tested four rubbers (INR, ABR, SBR, butyl) against smooth glass and rough
silicon carbide. Friction was measured using a rig where the sample was pressed against
the surface under controlled temperature (—50 °C to 100°C) and humidity, with sliding
velocities up to 30 mm/s to avoid heating effects. The data were shifted into master curves
using the Williams-Landel-Ferry (WLF) equation [174-176].

For SBR and ABR, two distinct peaks appeared in the master curves: a low-velocity
peak associated with adhesion and a high-velocity peak attributed to hysteresis. Sup-
pressing molecular contact by dusting the surface reduced only the first peak, confirming
this interpretation.

Two characteristic length scales emerged from these results. For adhesion, Grosch
found a constant ratio between the velocity at the first peak and the frequency of max-
imum loss modulus, corresponding to a molecular slip distance of about 6 x 10~2 m.
For hysteresis, the velocity of the second peak was related to the frequency of maximum
loss tangent, corresponding to a length scale of 1.5 x 10~* m, consistent with the average
asperity spacing.

These characteristic lengths should not be regarded as universal constants but as
empirical correlations arising from the interplay between the viscoelastic spectrum of the
compound and the surface morphology. Their magnitude can vary with filler morphology,
crosslink density, temperature, and surface cleanliness, yet their order of magnitude remains
consistent across typical tire rubbers and test surfaces, supporting Grosch’s mechanistic
interpretation of adhesive and hysteretic friction processes.

These scales reflect the essence of the two mechanisms: adhesion dominates at the
molecular level when the rubber enters the glassy regime, while hysteresis peaks in the
rubbery-glassy transition region, where internal viscoelastic losses are maximized.

Grosch’s work thus provided the first clear experimental separation of adhesive
and hysteretic contributions, and his master curves remain a cornerstone for later
theories describing friction on multiscale rough surfaces, including those of Kliippel-
Heinrich [114,116] and Persson [142,145].

3.2. Kliippel and Heinrich’s Friction Model

The model developed by Kliippel and Heinrich is based on the fractal scaling of rough
surfaces and the linear viscoelastic response of rubber [115,116,125]. It considers both
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hysteresis and adhesion contributions during sliding, with explicit treatment of micro- and
macro-scale roughness.

The hysteresis component is obtained by evaluating the energy dissipated through
viscoelastic deformation over a spectrum of excitation frequencies activated during slid-
ing [116]:

_ By _ (9)
Vhys(v) - Fy - %

/wmu wE"(w)S(w) dw, (28)

Winin

where E” is the loss modulus, S(w) is the power spectral density of the surface, oy is
the nominal stress, and (J) is the mean thickness of the deformed layer. The latter is
proportional to the penetration depth (z,), itself related to nominal stress by Hertzian
arguments [62,125,177]:

4l

(6) = b(zp), (zp) = E'(Wmin)

0o, (29)

where b is a scaling parameter depending on strain level (Figure 11) [178].
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Figure 11. Fitted parameter b, computed and plotted by the authors (see [178]).

Thus, b is obtained from the slope of the linear fit between (J) and (z,) at different
strain levels, as shown in Figure 11.

For surfaces with two fractal scaling regimes, the integral is split into macro and micro
ranges [115,125]:

Vhys (Z)) <5> <

o 20’00

Winax

/wx wE" (w)S(w) dw+/

Winin Wx

wE" (w)S(w) dw) : (30)

At high velocities, the micro-range contribution vanishes as A,,;, grows, and only
macro-roughness remains effective.
The adhesive part is modeled as [114,115]:

Fan _ w(v) Ac(v, T, 09)

Haan(0) = Ty oo Ay (31)
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where A/ Ay is the real-to-nominal contact area ratio (see Section 2.4) and 7;(v) is the
velocity-dependent interfacial shear stress:

B Ee/Eo
Ts(v) = Ts, (1"'(1_’_2;)11)' (32)

where 75, = 7Yrs/ls, Eeo/Ep is the glassy-to-rubbery modulus ratio, n is linked to the
relaxation spectrum exponent m by n = (1 —m) /(2 —m) [179], and v, is a critical velocity
depending on T, and filler content. Persson’s theory suggests that v & v(E«/Eg)?, with
vo = ao/ (27t7p) [115], where 1 is the entanglement time.

Representative results show that the model reproduces the decrease in dry friction
with increasing load, independently of velocity and temperature (Figure 12) [116].
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Figure 12. Dry friction coefficients on coarse granite vs. sliding velocity for different pressures and
temperatures; model from [116], replotted by the authors.

In summary, Kliippel and Heinrich’s model provides a physically grounded descrip-
tion of dry rubber friction by combining fractal surface statistics, viscoelastic dissipation,
and interfacial adhesion. It successfully captures the load and velocity dependence of
measured friction, laying the basis for comparison with alternative formulations.

3.3. Persson’s Friction Model

Persson developed a multiscale theory that links the friction coefficient to sliding ve-
locity by integrating viscoelastic energy dissipation over the full roughness spectrum [142].
Unlike the Kliippel-Heinrich model, it uses the 2D power spectral density (PSD) of surface
roughness as input, thus characterizing the interface in a fully three-dimensional manner.
A key ingredient is the real contact area, introduced in Section 2.4.

In sliding, the surface displacement field u; at z = 0 is defined via elastodynamics:

ui(q,w) = (2:[)3/d2xdtui(x,t) e—ilqx—wt) (33)

and the hysteresis contribution follows from the fluctuating traction produced by asperi-
ties [142]:

1 /n 2n E*
e = 3 [ @) P [ cosg im] LTG0 gy 649

where C(q) is the (2D) PSD, E* is the complex modulus, ¢y is the nominal pressure, v is the
sliding velocity, and ¢ is the angle between g and the sliding direction.



Appl. Sci. 2025, 15, 11558

16 of 26

Incomplete contact is captured by

_ 1 V&) —x2/4 _ 1
P(g) = ﬁ/o e dx = erf(ZG(q)>/ (35)

E*(qu cos ) |2
(1—=v?)o ’

with
1 ra 27T

Gla) =g 7@

d¢ dg. (36)

Water or contaminants can be incorporated by reducing the upper cutoff g; (filled
cavities), which lowers predicted friction [142].

A central sensitivity of the model is the choice of q; (or magnification {max): including
finer scales increases friction [180].

Persson later included flash temperature effects, which modify E* through time-
temperature superposition (e.g., WLF) when v > 1072 m/s [174,181-184]. The temperature
field T(x,t) in the rubber satisfies

oT

o 27 _
s — DrV°T

Q(x, 1)
pCy '

(37)

leading to a scale-dependent flash temperature T, (computed iteratively). In practice,
the scale-dependent flash temperature T, is obtained by updating the local viscoelastic
modulus E*(w, T;) through time—temperature superposition until the temperature incre-
ment between iterations falls below a small threshold (typically 1-2%), without significant
computational overhead for single-point evaluations. The resulting non-isothermal gener-
alizations of (34) and (36) are

1 /1 27 E*(qucos¢, T,)
Hhys = 5/% 7°C(q) P(ﬂl)/o cos ¢ Im[(lvz)%"]dwq, (38)

Gla) = g [ rc) [

Physically, at intermediate magnifications (roughly { ~2-5), the interface consists of

2

Erqoeosg, To) |y 4 (39)

(1—v2)0g

spaced macro-asperity contacts that heat rapidly; at higher magnifications, dense micro-
asperities within each macro-contact area interact thermally and elastically, requiring the
multi-scale averaging used for T [181].

Persson initially neglected adhesion for typical lower cutoffs (0.1 um) [142]. How-
ever, subsequent studies have attempted to investigate the adhesive contribution more
thoroughly, although this aspect of friction remains largely empirical and not well under-
stood [185], and he later proposed an empirical adhesive term similar to Kltippel’s [186]:

_ T A _ v)\?
Hadn = Do Ay’ = eXPl—C (10810 v > ‘ (40)

where Ty, is typically 5-11 MPa, ¢ ~ 0.1, and v, is thermally activated:

€1 1
Uc = 0g eXp|:_kB(T - T>:|/ (41)
8
where vy = v} exp[(e/kp)(Ty ' — Té;)l)] ~ 5 x 107" m/s (definitions as in the original

formulation).
Several studies have revisited or leveraged Persson’s framework. Ciavarella proposed
simplified formulations starting from the cutoff selection problem [146,187].
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Fina et al. compared Grosch’s data [170] with Persson’s predictions: after tuning
material parameters (but not q1), the hysteresis peak was captured while low-/high-speed
discrepancies persisted, likely due to missing adhesion and spectral differences [188].

More recently, Furlan and Mavros used an ANN to replicate Persson’s flash tem-
perature friction model, enabling real-time friction estimation from compound operating
conditions and surface spectra. Integrated into a tire and vehicle model, it captured surface-
dependent variations with notable effects on braking and handling. [189].

Overall, Persson’s theory provides a rigorous multiscale connection between PSD, vis-
coelasticity, and operating conditions, and—since being extended to flash temperature—it
has become a cornerstone for both fundamental studies and applied tire models. Its main
limitations are the sensitivity to the upper cutoff (magnification) [180] and the computa-
tional cost of the non-isothermal implementation, which motivate ongoing simplifications
and hybrid approaches.

4. Discussion and Research Gaps

The preceding sections reviewed the main theories describing rubber contact with
rough surfaces and the resulting friction. Despite differences in complexity and assump-
tions, all models address how surface roughness, viscoelastic behavior, and operating
conditions influence real contact area and energy dissipation. This concluding section com-
pares the models, outlines their strengths and limitations, and identifies open research gaps.

4.1. Critical Analysis of Contact Mechanics Models

Classical approaches to contact mechanics, such as Hertzian theory, provide the
analytical foundation for contact analysis but are inadequate when applied to elastomers in
contact with rough surfaces. Hertz assumes smooth, perfectly elastic bodies and therefore
neglects the multiscale roughness, viscoelasticity, and adhesion typical of rubber interfaces.
Despite these limitations, it remains a useful baseline for comparison.

The Greenwood-Williamson (GW) model improved upon Hertz’s model by introduc-
ing a statistical description of surface roughness through an ensemble of asperities. This
allowed for partial contact and roughness distributions to be considered, but simplifications
such as identical spherical asperities, uncorrelated heights, and purely elastic interactions
limit its applicability to rubber, especially as it omits frequency-dependent viscoelastic
effects and scale transitions.

Adhesive contact theories, particularly the Johnson-Kendall-Roberts (JKR) formu-
lation, extended Hertz by including adhesion at the contact edge. JKR is relevant for
compliant systems and small scales but still assumes smooth geometries and does not
incorporate roughness or viscoelastic effects. Nevertheless, it established the basis for more
advanced adhesive contact models.

Modern multiscale approaches addressed these shortcomings by combining frac-
tal surface descriptions with viscoelastic rheology. Kliippel and Heinrich introduced a
framework in which an energy-based condition defines the minimum contact length scale,
below which contact becomes negligible. This concept links roughness geometry and
frequency-dependent rubber response, offering a more realistic picture of load support and
dissipation across scales.

Persson’s theory further advanced this view by analyzing contact as a function of
magnification, using the surface power spectral density (PSD) instead of discrete asperities.
Large-scale features dominate at low magnification, while finer scales emerge as magnifica-
tion increases. The introduction of the cutoff wavevector g1 defines the finest roughness
scale included, but the absence of a universally accepted criterion for its selection makes
predictions highly sensitive to this choice.
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Overall, while modern multiscale models offer more realistic descriptions of rough
contact, they face challenges related to parameter identification, sensitivity to PSD cutoffs,
and computational demands. Both Kliippel-Heinrich and Persson provide strategies for
scale separation and contact area estimation, but with different assumptions and mathemat-
ical treatments. Comparative analysis of their predictions remains an open research topic.

Table 1 summarizes the main contact mechanics models, highlighting their respective

strengths and limitations.

Table 1. Comparison of contact models.

Models Strengths Limitations
Simple and analytically Assumes idealized smooth
solvable surfaces
App 1.1cable. for smooth, Ignores roughness and

Hertz elastic bodies ;i

. adhesion

Closed-form solutions for . .
. Limited to small elastic
stress, deformation and )
. deformations
contact radius
Incorporates a'dhesmn into - imes perfectly smooth
contact analysis
. surfaces
Relevant for soft materials Limited for rough or
JKR and micro/nanoscale &

contacts
Extends Hertz to include
surface energy effects

multiscale contacts
Strong dependence on
surface energy estimates

Greenwood-Williamson

Introduces statistical
roughness description
Estimates contact area and
pressure via asperity height
distributions

Assumes identical,
spherical, non-interacting
asperities

Neglects elastic coupling
and scale dependence

Includes viscoelastic effects
and scaling

Requires empirical cutoff
parameters

Kliippel and Heinrich Defines minimum contact . g
Relies on simplified
length and real contact L :
. statistical descriptors
evolution
Fully multiscale, PSD-based =~ Mathematically complex
formulation Sensitive to cutoff
Persson

Accounts for roughness and
viscoelasticity across scales

wavevectors and
magnification

4.2. Comparative Discussion of Friction Models

Friction modeling has evolved from empirical observations to increasingly sophisti-
cated multiscale theories. Grosch’s pioneering experiments [170] established the correlation
between the coefficient of friction and the viscoelastic response of rubber, showing how slid-
ing velocity and temperature govern energy dissipation. These insights laid the foundation
for hysteresis-based models, highlighting the frequency dependence of friction.

Building on this, Kliippel and Heinrich [115,116] developed a semi-analytical frame-
work that decomposes roughness into micro- and macro-asperity contributions. Their
model extends Greenwood-Williamson contact mechanics to rubber sliding, integrates
the power-law behavior of viscoelastic dissipation, and introduces a dynamic interaction
function linking excitation frequencies to friction. While effective in reproducing the bell-
shaped yu—v curve, the model requires calibration through fitting parameters and treats
adhesion in an empirical way.
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Persson’s model [142,181] provides a more unified formulation by explicitly coupling
his multiscale contact theory with energy dissipation. By incorporating the 2D power
spectral density (PSD) of surfaces, it treats roughness in three dimensions and naturally
accounts for scale-dependent viscoelastic losses. The later extension to flash temperature
explains the friction decay at high velocities, although at the cost of significant compu-
tational effort. Adhesion was subsequently introduced in Persson’s framework, but still
through empirical assumptions that limit predictive robustness.

To address computational challenges, Furlan and Mavros [189] trained artificial neural
networks (ANNSs) to emulate Persson’s flash temperature model. Their implementation
demonstrated real-time capability, making integration into tire and vehicle simulations
feasible. However, the ANN approach sacrifices interpretability, relying instead on data-
driven replication of the original physics-based model.

A comparative summary of the main friction models is presented in Table 2.

Table 2. Comparison of friction theories.

Models Strengths Limitations

First to demonstrate
u—frequency dependence
Linked friction to viscoelastic

Purely empirical: no
predictive capability

Grosch Tests (1963) modulus peaks Cannot compute p from
Provided basis for later CZ;I;II?;E?S or surface
theoretical models P
igr;;;;rclilytlcal, multiscale Adhesion modeled
. o Evaluates hysteresis and empmcally _—
Kliippel and Heinrich adhesion contributions Requires parameter fitting
No flash temperature
Incorporates cutoff length
. . treatment
and viscoelastic losses
Fully multiscale framework ~ Computationally
using PSD expensive
Persson Directly links friction to Sensitive to cutoff
viscoelastic moduli wavevector
Includes flash temperature Adhesion term remains
effects empirical

Beyond conceptual differences, quantitative comparison among the reviewed models
can be achieved by expressing results in terms of directly measurable quantities. In practice,
the key quantities—surface power spectral density, viscoelastic moduli and cutoff wavevec-
tors—can be obtained from surface texture (via profilometric measurements) analysis and
dynamic mechanical analysis, enabling reproducible benchmarking across compounds
and roughness scales. Recent progress in surface metrology, high-speed thermography,
and finite-element or reduced-order simulations provides the computational tools neces-
sary to implement these models in predictive workflows, thus facilitating their adoption by
engineers and practitioners.

Under equivalent operating conditions, both frameworks predict similar qualita-
tive trends but differ quantitatively in their sensitivity to input parameters. The Kliip-
pel-Heinrich model, being based on discrete asperity statistics, shows a clear dependence
of the A./Ag on the applied pressure and a monotonic reduction with increasing sliding
velocity due to the glass transition of the compound. Persson’s theory, in contrast, exhibits
a stronger dependence on the upper cutoff 4; and captures nonlinear reductions of A./ Ay
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with magnification, leading to slightly lower friction levels at high velocities when flash
temperature effects are included.

4.3. Research Gaps and Future Challenges

Despite significant progress, several open challenges remain in the contact and friction
modeling of rubber. A central issue is the definition of cutoff criteria: most advanced
models depend on a cutoff wavevector or length scale, yet its selection is often empirical
and strongly affects predictions. Related to this, thermo-mechanical coupling across scales
and its impact on contact area and friction remain only partially understood.

Adhesion is another unresolved aspect. While minor at high speeds and loads, it
dominates at low loads or in clean, dry conditions. Current models (e.g., Kliippel and
Persson) treat adhesion empirically, and a rigorous, experimentally validated adhesive
formulation is still lacking. Similarly, the representation of surface roughness through
power spectral density (PSD) is limited by measurement resolution and data truncation,
raising the need for complementary descriptors to fully characterize road textures.

Computational tractability is also a key limitation. Persson’s flash temperature model,
for example, is too demanding for large-scale or real-time applications, while surrogate
models improve efficiency at the cost of physical interpretability. Furthermore, most models
are calibrated on restricted conditions (e.g., sandpaper, single compounds, narrow velocity
ranges), limiting generalization to realistic surfaces, multiple compounds, or variable
environments. The absence of extensive experimental benchmarks hampers validation.

Future developments should aim to achieve a more quantitative and physically
grounded understanding of adhesion under realistic tire-road conditions. This will likely
require in situ diagnostics capable of capturing interfacial temperature, stress, and detach-
ment dynamics, together with multiscale models that incorporate such data in a physically
consistent way. Coupling experimental evidence with data-driven techniques may ulti-
mately provide a pathway toward predictive adhesive friction. Nevertheless, it should
be emphasized that the quantification of the adhesive contribution remains a topic of
active debate within the tribology community and is still far less understood than the
hysteretic counterpart.

In summary, current theories—from classical contact to multiscale viscoelastic frame-
works—have greatly advanced the understanding of tire-road interaction. Yet, major
research gaps persist regarding multiscale coupling, adhesion, roughness representation,
and computational efficiency. Future progress will depend on integrating high-resolution
experimental methods, improved surface characterization, hybrid physics-data-driven
approaches, and validation within full vehicle simulations, thus bridging the gap between
academic insight and industrial applicability.
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