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Abstract In the development of physical tire models,
the complexity of the composite structure and the mul-
tiphysical variables require strongly nonlinear mathe-
matical formulations to guarantee a desired degree of
accuracy. The aim of the current work is to extend the
applicability of the multiphysical magic formula-based
tire model, already developed and presented by the
authors, within a wider frequency range, interposing a
rigid ring body between the contact patch and thewheel
hub. The contact patch, varying in terms of size, shape,
and relative position, is evaluated using instantaneous
cams to define the effective plane. Here the advanced
slip model, taking into account thermodynamic and
wear effects, is then integrated. The adopted formu-
lations have been mathematically and physically justi-
fied. They have been analytically compared to formula-
tions related to the rigid-ring implementation available
in the literature. Specific experimental activities con-
cerning both the tire’s vertical kinematics and dynam-
ics have been conducted to demonstrate the model’s
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improved physical consistency on small wavelength
unevennesses.
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1 Introduction

The use of simulations in the automotive industry has
become increasingly important for optimizing time and
costs during vehicle design and development [1]. Reli-
ablemodels of cars and tires are necessary to accurately
replicate the behavior of real systems under various
conditions and maintain competitiveness [2]. One of
the challenges faced is the balance research between the
accuracy and the computational costs, making it pos-
sible to incorporate virtual vehicle systems and their
sub-components into scenarios for SIL/HIL/DIL sim-
ulations. In this regard, the main applications involve
designing control systems, assessing overall behavior
with human interaction, or developing actual sensor
hardware.

The continuously growing performance of modern
computers is enabling the real-time target for increas-
ingly complex tire models for both offline and online
real-time scenarios of use. In offline simulations, the
focus is on achieving accurate results even with com-
plex tiremodels.On the other hand, in real-time simula-
tions, themodel needs to repeatedly compute equations
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within a fixed time-step while receiving and providing
inputs and outputs to external devices [3]. Figure 1 pro-
vides a synthetic classification of the tire models avail-
able in the current state of art, describing the respective
frequency domain of applicability and the related fields
of application.

The commonly adopted Lugre and Dugoff models
offer a low computational cost solution suitable for
real-time scenarios and even adoptable in embedded
onboard applications within tire-based state estimators
[4–6]. However, these models have the limitation of
not considering the nonlinear variations of forces with
slip coefficients [7]. This limitation is overcome by a
more complex empirical formulation calledMagic For-
mula [8], which is able to reproduce the transient slip
behavior employing a relaxation length concept [9,10].
However, the accuracy of theMagic Formula decreases
when thermodynamic and wear influences on tire grip
and cornering stiffness can not be neglected, since this
model only accounts for kinematic and dynamic vari-
ables. To properly consider these variables, the authors
in [11,12] developed a multiphysical tire model inte-
grating the Magic Formula with additional polyno-
mial dependencies on the tire thermodynamic andwear
states.

It has to be pointed out that all the above-mentioned
models are only applicable to a narrow frequency range
since the transient relaxation length approximation is
only sufficient for frequencies lower than 15Hz [13].
Furthermore, a single-point contact configuration does
not accurately represent the instantaneous contact patch
extension. For this reason, although these models may
represent a suitable trade-off between the necessary
accuracy level and the computational cost, they are
only suitable for vehicle handling simulation scenar-
ios. For ride comfort applications, more complex tire
models are required able to accurately describe the tire
response in impact with small obstacles across a wider
frequency range [14].

Literature offers a variety of tire models with differ-
ing degrees of complexity aiming to accurately sim-
ulate tire behavior in a wider frequency range. The
MF-SWIFTmodel has been designed to extend the fre-
quency range of the Magic Formula until 80–100Hz,
where the influence of the tire inertia properties on the
dynamic behavior has to be considered. The formula-
tion is based on a belt rigid-ring body modeling inter-

posed between the wheel hub and the contact patch
[15–19]. The tire-road interaction is still modeled by
the standard Magic Formula approach, but the contact
is extended by a cam-based model, enveloping the tire
response to small unevenness [20–23].

Similarly to the standardMagicFormula, theSWIFT
model does not take into account thermal and wear
effects. Furthermore, the range of model application
cannot exceed a certain frequency value above which
the belt flexible modes become more predominant.

In [24], an in-planeflexible ringmodelwas proposed
in which the tread band was modeled as a deformable
circular beam, with air-pressurized sidewalls repre-
sented by radially and tangentially distributed stiff-
nesses [24]. Later, models developedwithmultibody or
FEA approaches enabled the representation of the tire
dynamic behavior in a wider frequency range, allowing
their employment in ride and comfort applications, as
well as in NVH and durability analyses [25–30].

However, besides enabling the possibility to param-
eterize the models and to conduct sensitivity analy-
seswithout necessarily pre-acquired experimental data,
an intrinsically higher number of degrees of freedom
requires a bigger computational effort, which actually
cannot be supported by embedded devices. This com-
promises their employment in onboard applications in
the fields of virtual sensing and model-based control.
Themost adoptedmodels include the commercial prod-
ucts as F-Tire, characterized by a flexible belt consti-
tuted by a finite number of masses connected with the
rim [25,28], RMOD-K and CDtire, whose structures
are described by detailed shell elements representing
the belt and the sidewalls’ bodies [26,27,29].

The aim of this work is to propose an improved
formulation of the rigid-ring-based tire model, named
SWIFT-evo formulation, suitable for ride-comfort sim-
ulations up to 80–100Hz and able to account for the
tire multiphysical effects, as temperature, wear and
inflation pressure. The desired target consists of main-
taining the model formulation with a minimum set of
degrees of freedom to allow its employment in increas-
ingly demanding real-time environments. The same is
needed in terms of the number of model parameters to
guarantee calibration feasibility even with a decreas-
ing number of available experiments, further saving
test-linked costs and time.
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Fig. 1 Synthetic
classification of the tire
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2 Rigid-ring dynamic model integrated with a
multiphysical Magic Formula

The mathematical description of the belt body as rigid
ring formulation was first proposed by the research
group of the University of Delft. The developed for-
mulation denominated SWIFT or SWIFT-TNO model
allowed to enable the employment of the Magic For-
mula contact patch model on uneven road profiles
including short wavelength obstacles [15–19]. Here,
the tire belt mass is considered as a rigid ring coupled
to the rim body through springs and dampers (linear
and rotational). These elements represent the sidewalls’
mechanical properties, taking into account the variation
of the pressurized air effect. A set of six second-order
differential equations is employed to model the belt
dynamics since both the in-plane and out-of-plane belt
degrees of freedom are included in the model formula-
tion.

Moreover, the rigid ring formulation includes a sup-
plementary set of second-order differential equations
to describe the dynamics of the contact patch. This is
modeled as a two-dimensional body in contact with
the effective plane and connected to the belt by means
of residual springs and dampers. The road-tire interac-
tion forces and moments at ground level are calculated
using a Magic Formula model [9]: the forces acting
on the effective plane are applied on the contact patch,
while the forces acting out of the plane are considered
to be directly applied on the belt.

To determine the effective plane where the tire kine-
matics and dynamics are evaluated, an enveloping cam
model is applied allowing the conversion of the real
road surface in an effective road profile for further
single-point contact model [23].

Validation studies demonstrated that, in the fre-
quency range in which the tire modes’ shape can be
approximated to rigid ring motions, the SWIFT model
is able to reproduce the tire behavior with a great level
of accuracy [17,19].However, aswell as theMagic For-
mula, the original SWIFT formulation considers only
the kinematic and dynamic aspects of the tire’smechan-
ical response. Furthermore, several non-negligible lin-
earization hypotheses are included to simplify the ana-
lytical description.

Several updates have been provided by the authors
to enhance the accuracy and physical robustness of the
originally proposed rigid ring formulation [8,13,17].
The work aims to incorporate further critical physi-
cal phenomena within the contact patch mechanics, to
neglect the linearization concerning the kinematics def-
inition and, finally, to consider the instantaneous con-
tact patch variations due to tire-specific operating con-
ditions.
The enhanced SWIFT-evo formulation, schematized in
Fig. 2, can be then employed as kinematic-dynamic
infrastructure to include thermodynamic and wear
influences on grip and tire braking and cornering stiff-
ness. The proposed approach has been already per-
formed and validated in [12], for characterizing the
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Fig. 2 Condensed modular
scheme of the SWIFT-evo
formulation
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handling range of the tire behavior, corresponding up
to 7–8Hz [8] of the frequency range.

Coupling together the SWIFT-evo and MF-evo for-
mulations, the authors aim to extend not only the
dynamic frequency range of the original Magic For-
mula [9,23], but also to take into account of the multi-
physical dependencies extending the model applicabil-
ity in the thermodynamic and wear domains. Further-
more, the natural frequency anddamping ratio aremade
dependent on the vertical load, inflation pressure, and
angular velocity through a semi-empirical relationship
consistent with experimental modal analyses in avail-
able literature [31,32].

This chapter comprehensively explains three inde-
pendent subsystems of the updated SWIFT-evo model.
The differences between the updated SWIFT-evo and
the original SWIFT formulations are highlighted in
each subpart, motivating the necessary changes.

2.1 Belt dynamics

The frequency range of interest for the current work is
such that the bending motions of the belt can be still
hypothesized negligible so thus the tire can be mod-
eled with a rigid ring (from 0Hz until 80–100Hz). In
this frequency range, factors as the inertia forces and
moments, the gyroscopic terms due to reference sys-
tem rotations and the characteristics of sidewalls sig-
nificantly affect the tire dynamic behavior [13,33].

Lateral view Frontal view

B

O

B

Fig. 3 Free-body diagram of the SWIFT-evo belt module

The addition of a rigid ring, mathematically repre-
senting the belt structure, allows describing with a sat-
isfactory level of approximation the vibrating modes
in which the tire dynamically behaves similarly to a
rigid circular body. The mass and the inertia moments
of the tire are divided between the belt and the rim in
a defined percentage. The rigid ring is connected with
the rim bymeans of translational and rotational springs
and dampers that represent the tire sidewalls and the
internal air influence (Fig. 3).

2.1.1 Mathematical description

The dynamic belt Eqs. (1–6), characterizing the clas-
sical SWIFT formulation, are written in the belt-non-
rotating ISO reference system (B, xb, yb, zb), with the
origin set in the belt center B. The yb axis is directed
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perpendicularly to the belt plane, while xb is horizontal
[8]. The external forces and moments, appearing at the
rightmember of Eqs. (1–6), are determined considering
the forces generated at ground level due to the tire-road
interaction the reactions of dampers and springs con-
necting the belt and the contact patch bodies.
On the left side of the equations, the inertia forces and
moments aswell as the gyroscopic terms, are expressed
as function of the belt accelerations (ẍb, ÿb, z̈b, ω̇bx ,

ω̇by, ω̇bz) and of the belt velocities (ẋb, ẏb, żb, ωbx ,

ωby, ωbz). Dampers reactions (cbx , cby, cbz, cbγ , cbθ ,
cbψ) are calculated knowing the relative velocities (ẋrb,
ẏrb, ż

r
b, γ̇

r
b , θ̇rb , ψ̇

r
b ) between the two bodies. From the

knowledgeof the relative displacements (xrb, y
r
b, z

r
b, γ

r
b ,

θrb , ψ
r
b ) the reactions of the springs can be calculated.

mb(ẍb − ωbz ẏb) + cbx ẋ
r
b + kbx x

r
b + cbz�zrb = Fbx (1)

mb(ÿb + ωbz ẋb) + cby ẏ
r
b + kby y

r
b = Fby (2)

mbz̈b + cbz ż
r
b + kbzz

r
b − cbx�xrb = Fbz (3)

Ibx ω̇bx − Iby�ωbz + cbγ γ̇ r
b + kbγ γ r

b + cbψ�ψr
b = Mbx

(4)

Ibyω̇by + cbθ θ̇
r
b + kbθ θ

r
b = Mby (5)

Ibzω̇bz + Iby�ωbx + cbψψ̇r
b + kbψψr

b − cbγ �γ r
b = Mbz

(6)

In Pacejka’s description [8], the relative velocities and
angular velocities are defined as:

ẋrb = ẋb − V b
x (7)

ẏrb = ẏb − V b
y (8)

żrb = żb − V b
z (9)

γ̇ r
b = ωbx − ωb

x = ωbx − γ̇ (10)

θ̇rb = ωby − ωb
y = ωby − � + ψ̇(γ + γ r

b ) (11)

ψ̇r
b = ωbz − ωb

z = ωbz − ψ̇ (12)

where the vectors (ẋb; ẏb; żb) and (ωbx ; ωby ; ωbz)
are the belt linear and angular velocities respectively,
defined in the non-rotating belt reference system.
Referring to the same reference system, the rim veloc-
ities are represented by the vectors (V b

x ; V
b
y ; V

b
z ) and

(ωb
x ; ω

b
y ; ω

b
z ). The latter vector is determined by trans-

forming the axle angular velocities (γ̇ ; �̇; ψ̇) through
a simplified linear transformation, as reported at the
Eqs. (10 - 12).

It is worth noting that Eqs. (7–12) contain several
approximations regarding themodel kinematics. In par-

ticular, the rim velocities defined in the adopted refer-
ence frame are calculated starting from the axle veloci-
ties through linearization. This evaluation is valid in the
hypothesis of low camber angles and neglecting even-
tual relative angles between the rim and the belt bodies.
These approximations definitely lead to inaccuracies in
more extreme tire operating conditions.

For this reason, the SWIFT-evo model has been
conceived with a physically consistent formulation
able to overcome kinematic approximations by adopt-
ing time-varying transformation matrices calculated
instant by instant [34]. This ensures a more accurate
model response and prevents accumulating errors, still
employing the same ring-based scheme to model the
tire structure:

[R]r = f (γ, ψ) (13)

[R]b = f (γ r
b , ψr

b , γ̇
r
b , θ̇rb ) (14)

where:

• [R]r allows transposing the axle velocities into
the rim reference system, (O, xrim, yrim, zrim),
accounting rim instantaneousorientation andobtain-
ing a not-approximated relationship;

• [R]b rotates the vectors from the rim reference sys-
tem to the belt non-rotating reference system, con-
sidering the time-varying belt-rim relative orienta-
tion that results from the differences between their
angular velocities.

Therefore, in a simulation environment where the
axle velocities (ẋ ;ẏ;ż) and (γ̇ ;�;ψ̇) are used as input
of the tire model, the following relationship allows to
define themodel kinematicswithout omitting anyphys-
ical terms:⎛
⎝
ẋrb
ẏrb
żrb

⎞
⎠ = [R]−1

b

⎛
⎝
ẋb
ẏb
żb

⎞
⎠ −

⎛
⎝
ẋ
ẏ
ż

⎞
⎠

−
⎡
⎣

0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

⎤
⎦

⎛
⎝
xrb
yrb
zrb

⎞
⎠ (15)

⎛
⎝

γ̇ r
b

θ̇rb
ψ̇r
b

⎞
⎠ = [R]−1

b

⎛
⎝

ωbx

ωby

ωbz

⎞
⎠ −

⎛
⎝

ωx

ωy

ωz

⎞
⎠ (16)

⎛
⎝

ωx

ωy

ωz

⎞
⎠ = [R]r

⎛
⎝

γ̇

�

ψ̇

⎞
⎠ (17)

Here the relative motion between the two bodies,
as well as the associated elastic and damping reac-
tions, have been defined in the rim reference system.
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Therefore, the reactions have to be further rotated into
the belt non-rotating reference system where the equi-
librium equations are then evaluated (18). It is worth
highlighting that the revised formulation now also
includes within the lateral dynamics the gyroscopic
terms neglected in the previously reported equations
[13,17]:

⎡
⎣
mb 0 0
0 mb 0
0 0 mb

⎤
⎦

⎛
⎝
ẍb
ÿb
z̈b

⎞
⎠ +

⎡
⎣

0 −ωbz 0
ωbz 0 −ωbx

0 ωbx 0

⎤
⎦

⎡
⎣
mb 0 0
0 mb 0
0 0 mb

⎤
⎦

⎛
⎝
ẋb
ẏb
żb

⎞
⎠

+ [R]b
⎡
⎣
cbx 0 0
0 cby 0
0 0 cbz

⎤
⎦

⎛
⎝
ẋrb
ẏrb
żrb

⎞
⎠

+ [R]b
⎡
⎣
kbx 0 0
0 kby 0
0 0 kbz

⎤
⎦

⎛
⎝
xrb
yrb
zrb

⎞
⎠ =

⎛
⎝
Fbx
Fby
Fbz

⎞
⎠ (18)

⎡
⎣
Ibx 0 0
0 Iby 0
0 0 Ibz

⎤
⎦

⎛
⎝

ω̇bx

ω̇by

ω̇bz

⎞
⎠ +

⎡
⎣

0 −ωbz 0
ωbz 0 −ωbx

0 ωbx 0

⎤
⎦

⎡
⎣
Ibx 0 0
0 Iby 0
0 0 Ibz

⎤
⎦

⎛
⎝

ωbx

ωby

ωbz

⎞
⎠

+ [R]b
⎡
⎣
cbγ 0 0
0 cbθ 0
0 0 cbψ

⎤
⎦

⎛
⎝

γ̇ r
b

θ̇rb
ψ̇r
b

⎞
⎠

+ [R]b
⎡
⎣
kbγ 0 0
0 kbθ 0
0 0 kbψ

⎤
⎦

⎛
⎝

γ r
b

θrb
ψr
b

⎞
⎠ =

⎛
⎝
Mbx

Mby

Mbz

⎞
⎠ (19)

2.1.2 Additional physical dependencies of the belt
parameters

To guarantee an enhanced consistency of the rigid ring-
based model with physical experimental evidences
regarding the modal analysis available in literature,
further parameter dependencies have been included.
These formulations have been specifically conceived to
enable a robust calibration process employing a mini-
mum number of additional parameters compared to the
pre-existing rigid-ring implementation.

A linear relationship between the sidewalls’ stiff-
ness and the inflation pressure has been inherited in
this work (Fig. 4a): this formulation assures the desired

increasing trend of the natural frequency with the tire
internal pressure with a satisfying degree of accuracy
[35,36].

According to the experimental campaigns in [31,32,
37], a polynomial equation is implemented to describe
the physical trend of a decreasing damping ratio with
the inflation pressure in radial direction (cbx = cbz)
(Fig. 4b). Since the damping ratio optimization can
be easily separately per each value of inflation pres-
sure, the robust fitting of this second-order polynomial
dependency can be subsequently calibrated starting a
dataset with three different pressure levels.

The empirical formulation introduced by Zegelaar
[13] has been inherited from the original SWIFT
model. This formulation considers a square-root rela-
tion between the sidewalls’ stiffness and the angular
velocity. The parametersqVbx andqVbz are used to con-
trol the velocity influence on the longitudinal and verti-
cal tire natural frequency respectively [8]. The variable
QV governing the dependency in Eq. (22) represents
the sidewalls deformation velocity due to the tire rota-
tion speed and to the relative displacement between
the rim and the belt. The mentioned formulation guar-
antees a decreasing trend of the tire in-plane natural
frequencies with the rotational speed, coherently with
the literature experimental works performed to analyze
rotating-tire modal properties [38–41].

However, the main limitation of the original for-
mulation consists in the fact that it does not con-
sider the necessary load dependency. Many studies
[31,42] demonstrated that the radial natural frequency
increases with higher values of the load applied due to a
nonlinear increase of the radial sidewalls’ stiffness. An
empirical tangent hyperbolic equation has been chosen
to describe this phenomenon, since this formulation
ensures stability and allows to model the dependency
with a minimum number of parameters. Furthermore,
this formulation assures a saturation load level of the
increasing natural frequency, in according with experi-
mental evidences [42]. The maximum percentage vari-
ation in all the load range can be easily controlled by
means of the parameter qbFnz1, while the parameter
qbFnz2 is used to impose the vertical load value saturat-
ing the dependency.

The resulting formulation governing the radial side-
walls’ stiffness trend with inflation pressure, angular
velocity, normal load and sidewalls’ deformation, is
proposed at Eqs. (20–26). In particular, the dependen-
cies have been expressed defining the variations with
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Fig. 4 Inflation pressure influence on stiffness and damping parameters

respect to the nominal conditions (kbx0 = kbz0, fx0 =
fz0), identified by radial natural frequency and stiffness
of the non-rotating and unloaded tire at the nominal
inflation pressure:

kbx0 = 4π2mb f
2
x0 (20)

kbz0 = 4π2mb f
2
z0 (21)

QV = �

V0

√(
xrb

)2 + (
zrb

)2 (22)

fx = fx0(1 + qbFnz1 ∗ tanh(qbFnz2 ∗ Fn/Fz0))

(23)

fz = fz0(1 + qbFnz1 ∗ tanh(qbFnz2 ∗ Fn/Fz0))

(24)

kbx = 4π2mb f
2
x

(
1 − qbVx

√
QV

)
(1 + 0.65dpi)

(25)

kbz = 4π2mb f
2
z

(
1 − qbVz

√
QV

)
(1 + 0.65dpi)

(26)

Figure 5 provides a graphical representation of the
radial sidewalls’ stiffness dependencies, reporting their
trend for different values of normal load and angu-
lar velocities (subscript 1 indicates the minimum level
while subscript 5 indicates maximum one), and for a
constant inflation pressure.

2.2 Contact patch mechanics

The second member of the differential Eq. (18) refers
to forces and moments which excite belt dynamics and
related to the tire-road interaction. The contact-state
is modeled through analytical formulations taking into
account the definition of the effective plane, the contact
patch normal and the contact patch kinematics.

The reference system (C , xc, yc, zc) of the contact
patch, has been chosen in accordance with [8]. The
origin is the contact point C and zc axis corresponds
to normal �n of the effective road plane, evaluated by
a specifically modified envelope model. The xc axis
is the intersection between the rim plane and the road
surface, so that the yc axis is to compose a left-handed
triad.

It is worth highlighting that here the contact forces
and moments are evaluated within the contact patch
reference system. Therefore, they have to be rotated
into the belt non-rotating reference system in order to
be used in Eq. (18). Thus, the rotation matrix [R]bcp
has been defined to rotate vectors from the reference
system (C , xc, yc, zc) to the reference system (B, xb,
yb, zb):

[R]bcp = [R]−1
b [R]cp (27)

This equation has been determined starting from
the matrix [R]b defined in Eq. (14) and the matrix
[R]cp indicating the orientation of the contact patch
reference system with respect to the rim reference sys-
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Fig. 5 Sidewalls stiffness: normal load and angular velocity dependencies

tem (O, xrim, yrim, zrim). The latter matrix has been
defined depending on the contact patch unit vectors
evaluated within the rim reference system ( �xc, �yc, �n)
coherently with the previously mentioned hypothesis:

[R]cp = [ �xc, �yc, �n] (28)

�xc = �yrim ∧ �n (29)

�yc = �n ∧ �xc (30)

Once determined [R]bcp, it can be employed to rotate
forces Fcx , Fcy and torquesMcx ,Mcy ,Mcz exciting the
belt dynamics upon the effective road plane. Also the
transfer couples due to the loaded radius are taken into
account, in according with [8]:
⎛
⎝
Fbx
Fby
Fbz

⎞
⎠ = [R]bcp

⎛
⎝
Fcx
Fcy
Fcn

⎞
⎠ (31)

⎛
⎝
Mbx

Mby

Mbz

⎞
⎠ = [R]bcp

⎛
⎝
Mcx + rl Fcy
Mcy − rl Fcx

Mcz

⎞
⎠ (32)

The normal force Fcn is considered to be applied
directly on the rigid ring, so that it can be calculated
with an empirical nonlinear relationship with the tire
deflection. The latter is function of the instantaneous
loaded radius, evaluated depending on the wheel center
position and on the effective plane location and orien-
tation. The adopted normal force calculation also con-
siders the inflation pressure, camber angle, rotational
speed velocity effects on tire stiffness and radii varia-
tions [13].

The forces (Fcx , Fcy) and torques (Mcx , Mcy , Mcz),
linked to the tangential interaction are determined
coherently with [8,11], starting from kinematic slips
both in steady-state and transient conditions.

2.2.1 Effective plane and contact patch normal

The point C and the normal �n define the position
and the orientation of the instantaneous effective road
plane that is determined through an empirical envelop-
ing model. The original methodology, developed by
Schmeitz [17,18], to reproduce the tire response on
arbitrary uneven profile, relies on the effective road pro-
file evaluation. This approach has been enriched by the
authors introducing the variations of the real contact
patch in terms of extension, shape and position as well
as of the cams’ geometrical characteristics.

In particular, the technique is based on the assump-
tion that, in quasi-static conditions, the behavior of the
real tire on the actual road surface is well approximated
by the single contact model response on the effective
road plane [13,20].

The SWIFT model’s approach employs elliptical
cams placed on the contact patch contour to generate
the effective surface on three-dimensional road uneven-
ness. The cams’ dimensions are kept constant and the
effect of the vertical load and inflation pressure are
included only within the variation of the contact patch
dimensions through an empirical formulation [8,17].
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Fig. 6 Cams distribution on the contact patch contour

However, the elliptical cams do not allow to repro-
duce the typical initial tire-obstacle indentation phase,
in which the tire does not immediately react to the
obstacle presence in the vertical direction. This phe-
nomenon is evident both from the experimental cam-
paigns available in the literature [13,17,22] and from
the results in Fig. 12. For this reason, the front cams
have been geometrically substituted by the authors
with hermitian parametric curves and keeping the rear
cams elliptical for the lift obstacle (front elliptical and
rear hermitian for the descent obstacle), so obtaining a
four-cams’ layout placed on the contact patch contour
(Fig. 6). Furthermore, the contact patch instantaneously
varies its size, shape and position with the operating
conditions in according to the nonlinear dependency
derived from experimental data and/or modeled with a
higher order tire structural model [27–30].

The hermitian cam profile, presented in Fig. 7a is
mathematically defined through four points. The points
1 and 2 and the points 3 and 4 are connected through
spline curves, respectively, while a linear segment con-
nects the points 2 and 3. This geometry assures that
the shape of the ascent part of the wheel vertical dis-
placement (and therefore of the contact patch in quasi-
static conditions) has an horizontal tangent at the initial
point touching the obstacle. This means that, besides
the cams’ location within the contact patch contour,
the vertical height of the hermitian cams is constrained
to be equal to the obstacle height H and the spatial
derivatives located at points 1 and 4 are horizontal. The
only independent variables are the cam’s half width A,
the extension of the central linear segment l and the
angle α. The four characteristic points can be therefore

described as follows:

x1 = 0 x2 = A − l cosα

2

x3 = A − l cosα

2
+ l cosα x4 = A (33)

y1 = 0 y2 = H − l sin α

2

y3 = H − l sin α

2
+ l sin α y4 = H (34)

guarantying the formulation hypotheses concerning the
profile’s slope constrains:

m1 = m4 = 0 m2 = m3 = tan α (35)

The typical cams’ tandem is illustrated in Fig. 7b,
where the rear cam is modeled with an elliptical profile
and characterized by the semi-axes’ dimensions a and
b, and the quantity p, depending on the contact patch
contour, represents the distance between front and rear
cams.

The procedure applied to define the effective road
plane position and orientation is inherited from the
work of Schmeitz [17,21,23]: the vertical position of
the plane height is calculated by taking the average of
the z-coordinates across the width for front and rear
cams; the longitudinal slope is determined from the
average angle across the contact patch width for both
front and rear cams, while the transverse slope is calcu-
lated from the average angle across the contact length
for both left and right cams.

It is worth highlighting that, when the contact patch
assumes symmetric configuration (i.e., when the cam-
ber angle is close to zero), the cams’ shapes and hor-
izontal distances are supposed to be equal both at left
and right side of the contact patch.With the presence of
a significant wheel orientation resulting in particularly
asymmetric contact patch, the wheel alignment could
modify not only the contact patch contour but also the
enveloping behavior (i.e., the cams’ dimensions). How-
ever, this is not a topic of the current work, focusing the
model’s validation only on the tire in-plane response.

For the sake of completeness, the model validation
has been carried out on single obstacles, defining the
obstacle height H with respect to the initial road effec-
tive plane. In case of more complex road profiles, the
surface is modeled as a series of discrete obstacles,
whose height is defined with respect to the instanta-
neous effective road plane established at the moment
of the first impact.
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(a) Hermite cams profile (b) Hermite and elliptical curves

Fig. 7 Enveloping cam tandem: profiles and parameters

2.2.2 Contact patch dynamics and kinematics

The modeling of transient slip dynamics does not dif-
fer from pre-existing formulations based on the relax-
ation length concept and on the contact patch in-plane
dynamics. The in-plane forces and related torques are
determined via an extension of the adopted steady-state
slip model, including transient brush-model dynamics.
The employed set of first-order differential Eqs. (36–
37) receives in input the slip velocities of the contact
patch and provides in output the transient slip quanti-
ties (κ ′, α′) which in their turn are employed as inputs
of the MF-based slip model [8,11]:

σx
dκ ′

dt
+ |Vx |κ ′ = −Vsxc (36)

σy
dα′

dt
+ |Vx |α′ = −Vsyc − |Vx |ψr

st (37)

According to [8], it is worth highlighting that the inte-
gration of the transient slip dynamics within the rigid
ringmodel leads the relaxation lengths to become func-
tion of the longitudinal and lateral tire’s overall stiff-
nesses. Indeed, residual springs are specifically added
to connect the belt and the contact patch bodies, consid-
ering the latter as a three-degree of freedom small mass
only moving within the road effective plane. A graph-
ical representation of the contact patch mechanics is
provided by Fig. 8.

The contact patch dynamics modeling requires
another set of 3 s-order differential Eqs. (38–40) to
determine the time-varying contact patch slip velocities

C

Fig. 8 Contact patch kinematics and dynamics

within the road plane. These equations include resid-
ual springs and dampers’ reactions, inertia and contact
slip forces and torques acting within the effective road
plane:

mc(V̇sxc − ψ̇cVsyc) + ccx ẋ
r
c + kcx x

r
c = Fsx (38)

mc(V̇syc + ψ̇cVsxc) + ccy ẏ
r
c + kcy y

r
c = Fsy (39)

Icψ̈c + ccψψ̇r
c + kcψψr

c = Msz (40)

The reactions of the residual springs kcx xrc , kcy y
r
c ,

kcψψr
c and dampers ccx ẋrc , ccy ẏ

r
c , ccψψ̇r

c correspond to
the forces exciting the belt dynamics on the effective
road plane, Fcx , Fcy, Mcz reported at Eq. (32). They
are determined proportionally to the relative kinemat-
ics between the belt and the contact patch bodies at the
ground level, which in turn are derived from the instan-
taneously calculated contact patch slip velocities and
belt velocities at ground level, in accordance with [8].
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The longitudinal and lateral forces Fsx , Fsy and
the yaw moment Msz appearing at second member
of Eqs. (38–40) are evaluated via the MF-evo model
[11,12], in according with the Pacejka hypothesis [8],
which also takes into account static contact patch
deflection. On the other hand, the derived torques
Msx , Msy , acting out of the effective road plane, are
considered to be directly applied on the belt: therefore
they coincide with the moments Mcx , Mcy reported at
Eq. (32).

2.2.3 MF-evo

In the classical SWIFT model formulation, the forces
acting on the contact patch are calculated using an
underlying Magic Formula (MF) which also takes into
account the relaxation length behavior of the tire. How-
ever, it is worth noting that this formula overlooks sev-
eral multiphysical phenomena that can heavily influ-
ence the tire’s performance in various operating con-
texts, such as thermodynamic and wear phenomena.

This is particularly relevant in motorsport, but it
could be also significant in the control design of the
critical maneuvers and safety-linked scenarios. In fact,
in these applications, the ability to correctly evaluate
the potential grip or the actual stiffness levels could
provide a significant advantage [6,12,14].

The level of grip is dependent on compound temper-
ature gradient and inflation pressure level, while wear
leads to grip degradation. Braking and cornering stiff-
ness decrease with higher temperature and vary with
internal air pressure and wear. The MF-evo includes
these phenomena considering additional parameters
(xevo) that define the multiphysical dependencies of
micro- and macro- coefficients (xstd ) of the standard
Magic Formula (MF). The inherited formulation has
been summarized in Eq. (41) and not included in this
work since it has been specifically addressed by the
authors in the previous works [11,12]:

yevo = f (xstd , xevo, Tcompound ,

Tcarcass, pinternal Air , w) (41)

where the employed dependencies affect the nomi-
nal value of the grip coefficient and the maximum
value of the stiffness (pDx1, pDy1 and pKx1, pKy1)
and their variations with vertical load (pDx2, pDy2 and
pKx2, pKy2) both in lateral and longitudinal directions,
as illustrated in Fig. 9.

3 Calibration procedure and results

The current chapter describes the experimental cam-
paign and the corresponding calibration procedure car-
ried out with the aim to characterize the real tire
adopting only non-destructive and non-invasive test-
ing techniques. The calibration workflow is described
in Fig. 10. The aim is to perform separate measure-
ments and processing sub-phases in order to isolate the
tire’s physical properties and, consequently, to iden-
tify specific model parameters with the corresponding
dependencies.
Once illustrated the experimental activities carried out
in both kinematic and dynamic scenarios, the calibrated
responses of the SWIFT-evo and the SWIFT [15–19]
models are compared toward the collected data. It is
worth mentioning that the authors aimed to guaran-
tee objectivity and to minimize the potential impact of
the gradient-based optimization techniques within the
models’ calibration process. For this purpose, it has
been assured that the parameters’ starting sets of dif-
ferent formulations ensured analogous trends toward
the same variables of interest [43].
Finally, a sensitivity analysis is proposed to analyze the
impact of the inserted load andpressure physical depen-
dencies compared to the pre-existing formulations.

3.1 Experimental campaign

The calibration results of the MF-evo have been inher-
ited from a previous research work [12], employing
handling data acquired on track. Pre-calibrated tire
thermal and wear models [44,45] have been employed
to obtain further physical channels per each dataset:
temperature gradient, inflation pressure and wear vari-
ations. The parameterization of these models has been
performed employing a non-destructive experimental
methodology, including optical and ultrasound mea-
surements to identify tire’s thermal diffusivity and geo-
metrical quantities [46,47]. The viscoelastic character-
ization of the compound has been performed by means
of an innovative instrumentation [48] as an alternative
to the traditional destructive methodologies [49].

Additional parametrization regarded the contact
patch modeling (in terms of size and shape), which has
been carried out per different levels of inflation pres-
sure, camber angle and vertical load on a dedicated
test bench [30], making use of force–deflection and

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



4194 M. Barbaro et al.

(a) Friction multiphysical dependencies (b) Stiffness multiphysical dependencies

Fig. 9 Summary of MF-evo additional dependencies in the low-frequency domain

footprint sensors. Regarding the tire’s radii parameter-
ization, an experimental campaign has been carried out
including force–deflectionmeasurements and footprint
acquisitions in static conditions. The data collection has
been then extended employing a pre-calibrated multi-
body tire model to include centrifugal effects too [30].
The influence of the camber angle on the tire behavior
has been hypothesized symmetrical so that only nega-
tive camber values have been included within the static
experimental doe.

Since the tire’s response to small obstacles is
strongly influenced by stiffness and contact patch
dimensions [13,20], the previously collected contact
patch data to calibrate thermal and wear models, have
been also employed for the characterization of the tire’s
enveloping behavior.

Indeed, to calibrate the enveloping tire behavior,
both the contact patch and radii data and the data col-
lected through a quasi-static testing methodology, pro-
posed in [50], have been employed. In particular, to
reproduce the motion of a tire rolling over an obstacle,
the rim’s supporting system was constrained to allow
only the rotation around the ISO-y axis and the lin-
ear movement along the ISO-z axis. The test has been
repeated inflating the tire with three different pressures
and applying three different static loads, selected to
cover the entire tire operating domain. To this purpose,
the tests have been conducted in a low-velocity range
(quasi-static conditions (< 1 km/h [13])) to decouple

the experimental response from the possible dynamic
effects.

The tire dynamic behavior has been investigated
through high-velocity cleat tests, which have been car-
ried out with the standard routine, reported in [51].
It consists of a steel drum with a rectangular cleat
counter-rotating to the tire mounted on a fixed hub.
Forces and torques, measured at the wheel center, are
then employed to calibrate belt stiffness and damping
coefficients, with contact patch enveloping andMF-evo
fixed. To identify the supposed physical dependencies,
the test plan included three different inflation pressures,
three static vertical loads and two angular velocities.

3.2 Parameters’ starting set and cost function

Due to the intrinsic empirical formulation and the
amount of parameter dependencies to be accounted for,
the accuracy and the robustness of the model’s output
are directly linked to the degree of completeness and
quality of the acquired data.

Both the standard MF and the multiphysical MF-
evo models have been identified and validated with
the methodology described in [12], employing han-
dling data covering a wide range of thermodynamic
and wear conditions. The results are available in [12]
and will be not included in the following study. It is
worth highlighting that the influence of the multiphys-
ical effects on the contact mechanics quantities (grip
and stiffness) has been neglected in the validation phase
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Multiphysical Magic Formula
calibration [12]

Calibration of thermal and wear

models [44,45]

Data advanced processing

Preliminary MF calibration in a

narrow temperature-pressure-wear

range

Identification of multiphysical

dependencies of the tire model

parameters

Multicontact model
calibration

Hermitian cams calibration and

parameters' trend identification

HANDLING DYNAMIC
CHARACTERIZATION

RIDE KINEMATIC
CHARACTERIZATION

MULTIPHYSICAL MODEL CALIBRATION
FOR RIDE AND HANDLING APPLICATIONS

Handling indoor/outdoor
testing in low-frequency

range[0-5Hz]

Rigid ring model
calibration

Identification of physical

dependencies on belt stiffness

and damping coefficients

RIDE DYNAMIC
CHARACTERIZATION

Indoor high velocity
cleat testing [<60 km/h]

Indoor low velocity
cleat testing [<1 km/h]

LABORATORY/INDOORTESTING
Tire compound geometrical, thermal and mechanical properties

Ultrasound and optical measurements for identification of thermal diffusivity and

geometry evaluation [46,47]

DMA or VESevo measurements for compound viscoelasticity evaluation [48]

Tire testing in steady-state conditions

Contact patch and radius dependencies evaluation [30]

Fig. 10 From experimental data to tire digital twin—calibration workflow

Table 1 Press test bench dataset

Camber 0◦ Camber 2◦ Camber 5◦

2500 N (bar) 4500 N (bar) 6500 N (bar) 2500 N (bar) 4500 N (bar) 6500 N (bar) 2500 N (bar) 4500 N (bar) 6500 N (bar)

2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 bar

2.4 2.4 2.4 2.4 2.4 2.4 2.4 2.4 2.4 bar

2.8 2.8 2.8 2.8 2.8 2.8 2.8 2.8 2.8 bar

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



4196 M. Barbaro et al.

Table 2 Drum test bench dataset

Kinematic cleat test1 Dynamic cleat test2: 8.37 m/s Dynamic cleat test2: 16.67 m/s

3200 N (bar) 4400 N (bar) 5600 N (bar) 2500 N (bar) 4500 N (bar) 6500 N (bar) 2500 N (bar) 4500 N (bar) 6500 N (bar)

2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 bar

2.4 2.4 2.4 2.5 2.5 2.5 2.5 2.5 2.5 bar

2.8 2.8 2.8 3.0 3.0 3.0 3.0 3.0 3.0 bar

1 Experimental campaign performed on the flat-plan test rig [50]
2 Experimental campaign performed on the drum test rig [51]

since the experimental campaign was conducted in a
narrow thermodynamic and wear range (standard test
rig boundary conditions [51]).

The kinematic calibration of the effective plane and
of the contact patch normal relies on the characteri-
zation of the enveloping model parameters (defining
the geometry of hermitian and/or elliptical cams and
their variations toward further variables). Therefore, a
specific cost function, based on the experimental data
reproducing the wheel vertical displacement Z toward
the longitudinal advancing X in quasi-static conditions,
has been employed as reported in (42):

error =
∑ (

Z(X)sim − Z(X)meas

Z(X)meas

)2

(42)

The starting set of parameters was chosen for different
models to ensure a similar simulation output.

The parameters governing the dynamic tire response
have been identified through a time-domain approach,
minimizing the error function between the simulated
vertical Fz and longitudinal Fx forces and the respec-
tive acquired measurements, as reported in (43):

error =
∑ (

Fz(t)sim − Fz(t)meas

Fz(t)meas

)2

+
∑ (

Fx (t)sim − Fx (t)meas

Fx (t)meas

)2

(43)

Preliminarily, the models have been calibrated via a
numerical procedure with the load influence supposed
fixed to zero to evaluate the lower and upper bound-
ary of the tire dynamic frequency range. Then, bound-
ary conditions have been imposed on the parameters
governing the load dependency employing the entire
dataset acquired in different load and velocity ranges.
Since the inflation pressure does not significantly vary
during the cleat test, the described optimization process
has been separately performed for different constant

pressures and the related influences have been subse-
quently calibrated. The starting set of parameters was
chosen for different models to ensure a similar simula-
tion output.

3.3 Kinematic quasi-static validation

A quasi-static validation has been performed to demon-
strate the enhanced response of the enveloping model
with front hermitian cams toward thepreviously adopted
elliptical cam tandem.This is because the effective road
profile is assumed to be unaffected by transient tire
dynamics in low-velocity conditions.

The parameters’ identification has been repeated per
each experimental condition and the values of the opti-
mized parameters have been collected and reported,
for the sake of completeness, in Table 3 and Table 4. In
this phase, since the robustness of a model is strongly
related to the calibration process repeatability, the asso-
ciated risks of over-fitting should be avoided, especially
with empirical formulation. Therefore, it’s important to
ensure that the identified quantities autonomously cre-
ate monotone observable trends toward the variables of
interest [12].

It can be easily observed that, although the imple-
mentation of the hermitian curves requires the identifi-
cationof a higher number of parameters, Eq.s 33, 34, 35),
the increasing parametrization complexity does not
compromise the robustness of the process. Indeed, the
Table 4 shows the typical monotone variation of the
identified parameter α in the explored discrete domain,
allowing to easily extend the α parameter’s continuity
via polynomial functions, as presented in Fig. 11. As
expected, the parameters A and l do not vary signifi-
cantly and are assumed constant, beingmore correlated
with the tire’s geometrical properties.
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Table 3 Identified
parameters for the SWIFT
enveloping formulation

Test conditions Identified parameters

H[mm] pi [bar] Fz[N] a[mm] b [mm]

24 2.0 4400 103.3 83.5

24 2.4 4400 104.8 84.8

24 2.8 4400 108.0 78.1

34 2.4 3200 110.0 78.0

34 2.4 4400 105.6 79.3

34 2.4 5600 103.6 80.1

Table 4 Identified parameters for the SWIFT-evo enveloping formulation

Test conditions Identified parameters

H[mm] pi [bar] Fz[N] a[mm] b [mm] A[mm] l[mm] α[deg]

24 2.0 4400 116.1 68.4 118.7 6.8 27.5

24 2.4 4400 122.3 66.7 118.1 7.1 23.9

24 2.8 4400 128.4 65.1 118.4 6.9 22.1

34 2.4 3200 129.1 70.1 117.2 7.0 27.0

34 2.4 4400 121.7 68.2 117.9 7.3 24.3

34 2.4 5600 115.2 68.4 117.3 6.8 21.3
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Fig. 11 Load and pressure dependencies on the envelop parameters

The kinematic response of the SWIFT’s and the
SWIFT-evo’s enveloping model are compared in the
Euclidean domain in Fig. 12, in which the accuracy of
both the models has been quantified through the root
mean square error toward the experimental measure-
ments in Table 5. The reported results demonstrate the
ability of the proposed enveloping model to correctly

reproduce both the initial and the final phases of the
wheel center path during the tire-obstacle impact.

3.4 Dynamic validation

Both SWIFT and SWIFT-evomodels have been param-
eterized with the same calibration procedure toward
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Fig. 12 Comparison between the simulated and measured wheel center

Table 5 RMSE reported
for Elliptical and Hermite
models

Test conditions RMSE

Obstacle height [mm] Inflation pressure [bar] Static load [N] Elliptical cams Hermite cams

24 2.0 4400 4.3161 0.8535

24 2.4 4400 3.2942 0.5290

24 2.8 4400 2.3239 0.7741

34 2.4 3200 3.5249 0.2503

34 2.4 4400 2.9104 0.5379

34 2.4 5600 3.3419 1.1397

the measurements acquired during the high-velocity
cleat experimental campaign reported in Table 2 and
described in [51].

Vertical and longitudinal forces, outputs of the
SWIFT and SWIFT-evo models, are compared with
the respective measurements in Fig. 13, while the root
mean square errors [52] per each experimental condi-
tion are compared in Table 6 and Table 7, respectively.

The reported root mean square errors show a sig-
nificantly improved accuracy level of the SWIFT-evo
vertical response especially with higher vertical static

loads. This demonstrates that the employed tire-road
contact model ensures an enhanced robustness even in
operating conditions different from the nominal ones.

Moreover, a more accurate effective plane and nor-
mal determine an increasing accuracy within the lon-
gitudinal kinematics and dynamics, especially at lower
velocity (8.37m/s) where the dynamics effects on the
contact patch shape and extension could be negligi-
ble. Instead at higher velocity (16.67m/s) the prediction
capability tends to decrease for both the models, also
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Fig. 13 Comparison between the simulated and measured forces in vertical and longitudinal direction
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Table 6 RMSE: vertical
dynamics

Test Conditions RMSE

Inflation pressure [bar] Static load [N] Velocity [m/s] SWIFT-evo SWIFT

2.0 2500 8.37 153.38 164.35

2.0 4500 8.37 117.12 106.25

2.0 6500 8.37 154.11 255.24

2.0 2500 16.67 306.05 298.14

2.0 4500 16.67 173.34 185.26

2.0 6500 16.67 175.30 287.05

2.5 2500 8.37 175.40 170.91

2.5 4500 8.37 145.12 138.58

2.5 6500 8.37 153.95 277.95

2.5 2500 16.67 302.19 296.97

2.5 4500 16.67 217.74 207.95

2.5 6500 16.67 184.21 313.17

3.0 2500 8.37 192.81 177.80

3.0 4500 8.37 207.95 203.98

3.0 6500 8.37 176.53 329.29

3.0 2500 16.67 310.16 308.92

3.0 4500 16.67 245.15 248.86

3.0 6500 16.67 223.48 343.67
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Fig. 14 Graphical representation of the objectifying indicators
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Table 7 RMSE:
longitudinal dynamics

Test conditions RMSE

Inflation pressure [bar] Static load [N] Velocity [m/s] SWIFT-evo SWIFT

2.0 2500 8.37 228.02 210.05

2.0 4500 8.37 227.37 395.34

2.0 6500 8.37 245.12 586.02

2.0 2500 16.67 341.27 257.77

2.0 4500 16.67 582.15 370.93

2.0 6500 16.67 638.13 569.33

2.5 2500 8.37 240.65 300.45

2.5 4500 8.37 349.48 384.28

2.5 6500 8.37 374.37 712.24

2.5 2500 16.67 425.87 345.10

2.5 4500 16.67 544.95 347.86

2.5 6500 16.67 682.54 662.68

3.0 2500 8.37 202.16 266.74

3.0 4500 8.37 262.81 428.57

3.0 6500 8.37 427.39 740.79

3.0 2500 16.67 387.06 383.56

3.0 4500 16.67 613.15 708.85

3.0 6500 16.67 732.81 821.44

due to the intrinsic influence of belt flexible vibration
modes.

Furthermore, to objective the results, several indica-
tors have been defined in both the impulsive tire-cleat
impact and subsequent tire-free-oscillations phases.
Regarding the vertical dynamics, the indicators 1–11
are illustrated in Fig. 14a–c. The indicators 7 and 8 are
mainly related to the tire envelope behavior since they
define the response during the passage on the obstacle.
Instead, the Indicators 9, 10 and 11 are influenced by
the tiremodal properties, affecting the vibrationmotion
after the cleat passage. The indicators describing the
longitudinal dynamics are illustrated in Fig. 14d–f.

The mean absolute (MAPE [53]) and the mean
square (MSEP [54]) percentage errors for all the above
indicators have been evaluated on the entire dataset in
Table 8 and Table 9, demonstrating the improved accu-
racy of the SWIFT-evo model, in both phases: during
the contact with the cleat and during the subsequent
free-oscillations.

3.5 Sensitivity analysis

A sensitivity analysis has been includedwith the aim of
understanding the impact of the additionally introduced
relationships on the global model’s response.

Previous works demonstrated that the MF-evo mul-
tiphysical dependencies were crucial to extending the
MF model in the low-frequency handling domain
within a wider range of thermodynamic and wear
conditions [11,12]. For the sake of completeness, the
impact of the calibrated MF-evo model has been inves-
tigated in an impulsive tire-obstacle scenario. As illus-
trated in Fig. 15, the contact patch mechanics parame-
ters do not significantly affect global tire behavior.

The supposed decreasing trend between the damp-
ing ratio and the inflation pressure, investigated in the
literature [31,32,37], has been confirmed within the
calibration process. A dedicated sensitivity analysis
has been carried out comparing the model response for
different ranges of the linear pressure-damping depen-
dency (Fig. 16a), supposing constant static load and
tire angular velocity quantities. Starting from the damp-
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Table 8 Indicators’ MAPE
and MSEP: vertical
dynamics

MAPE MSEP

SWIFT-evo SWIFT SWIFT-evo SWIFT

Indicator 1 2.05% 3.01% 5.7e-4 9.9e-4

Indicator 2 3.78% 7.17% 0.0022 0.0080

Indicator 3 2.42% 6.89% 9.5e-4 0.0078

Indicator 4 2.34% 3.64% 7.5e-4 0.0018

Indicator 5 1.35% 0.89% 3.6e-4 8.2e-5

Indicator 6 2.31% 3.48% 0.0010 0.0015

Indicator 7 59.04% 80.27% 0.6381 0.8586

Indicator 8 42.01% 97.51% 0.3252 1.0854

Indicator 9 9.93% 22.49% 0.0149 0.0837

Indicator 10 9.06% 15.07% 0.0147 0.0288

Indicator 11 14.26% 19.46% 0.0275 0.0438

Table 9 Indicators’ MAPE
and MSEP: longitudinal
dynamics

MAPE MSEP

SWIFT-evo (%) SWIFT (%) SWIFT-evo SWIFT

Indicator 12 33.51 43.99 0.1215 0.2061

Indicator 13 22.03 36.29 0.0686 0.1413

Indicator 14 62.72 56.74 0.6542 0.4112

Indicator 15 43.04 51.17 0.2511 0.3048

Indicator 16 23.32 37.76 0.0767 0.1589

Indicator 17 25.94 41.83 0.0974 0.1984

Indicator 18 25.78 39.63 0.0923 0.1982
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Fig. 15 Sensitivity analysis: MF-evo influence on vertical and longitudinal responses
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Fig. 16 Damping-inflation pressure dependencies employed in the sensitivity analysis

ing ratio identified at nominal inflation pressure 2.5bar,
three differing variation levels have been investigated
in terms of vertical and longitudinal responses. The per-
centage deviations of each indicator with respect to the
simulation performed in the nominal pressure condi-
tions have been compared at the Tables 10 and 11.

Since the indicators show a clear trend with the
employed damping variation, the inserted dependency
provides another useful degree of freedom for the
model parametrization. This allows to optimize the
model response based on the indicators’ variation with
the inflation pressure variable, without additionally
increasing the calibration complexity.

A further analysis has been conducted to investi-
gate the effect of the parameters affecting the tire radial
natural frequency, reporting percentage variations with
respect to the unloaded tire condition(Fig. 16b). The
indicators have been evaluated exploring separately
three load ranges (already included in the exper-
imental campaign) keeping constant inflation pres-
sure and angular velocity. The percentage deviations
with respect to the nominal load condition have been
then compared per each employed load dependency
(Tables 12, 13). It’s important to point out that the
employed percentage variations are not so significant
to considerably affect the distance between peaks and
valleys within the time domain, especially if the sim-
ulations are performed with a sample frequency of
1000Hz. Also in this case, the indicators show a clear

trend allowing to quantify the monotone load depen-
dency with the aim of extending the model accuracy.

3.6 Models’ comparison in extreme kinematic
conditions

The accuracy of the simulation results can be signif-
icantly affected by the linearizations adopted in the
original SWIFT formulation. As it has been explained
at the chapter 2, the SWIFT-evo equations modeling
the tire kinematics have been derived through a rota-
tion matrix approach with the aim of minimizing any
modeling approximations.

In order to evaluate the impact of this improvement,
the vertical tire responses have been analyzed assum-
ing high camber angle values. The model response
achieved by employing the nonlinear SWIFT equations
chosen by the authors have been compared with that
obtained through a linearized SWIFT formulation in
Fig. 17.

In Tables 14 and 15, the differences between the
peak and valleys are objectively quantified for the two
examined conditions.

4 Conclusion and future developments

An improved formulation of a rigid-ring approach,
originally developed within the SWIFT model, is
proposed by the authors with the aim of increasing
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Table 10 Sensitivity analysis on damping-inflation pressure dependency impact on vertical response

�σ
σnom

= 0% �σ
σnom

= 5% �σ
σnom

= 10% �σ
σnom

= 25%

2.0 bar 3.0 bar 2.0 bar 3.0 bar 2.0 bar 3.0 bar 2.0 bar 3.0 bar

Indicator 1 −0.44% 1.08% −0.57% 1.23% −0.69% 1.35% −1.05% 1.79%

Indicator 2 −0.26% 0.59% −0.07% 0.38% 0.11% 0.21% 0.49% −0.51%

Indicator 3 −0.85% 0.24% −1.03% 0.44% −1.20% 0.61% −1.64% 1.24%

Indicator 4 1.33% −0.88% 1.66% −1.20% 1.96% −1.48% 2.77% −2.61%

Indicator 5 0.02% −0.79% −0.29% −0.50% −0.56% −0.25% −1.33% 0.77%

Indicator 6 0.65% −0.84% 0.96% −1.43% 1.27% −1.53% 2.02% −2.92%

Indicator 7 −1.55% 4.18% −3.70% 6.57% −5.73% 8.48% −10.75% 16.24%

Indicator 8 −4.47% −1.88% −6.94% 0.82% −9.30% 3.06% −14.84% 12.13%

Indicator 9 −4.97% 2.36% −6.10% 3.55% −7.14% 4.54% −9.94% 8.52%

Indicator 10 −6.39% −0.36% −9.84% 2.95% −12.91% 5.78% −21.40% 17.34%

Indicator 11 −5.00% −0.37% −10.20% 6.86% −15.02% 9.83% −27.82% 29.87%

Table 11 Sensitivity analysis of damping-inflation pressure dependency impact on longitudinal response

�σ
σnom

= 0% �σ
σnom

= 5% �σ
σnom

= 10% �σ
σnom

= 25%

2.0 bar 3.0 bar 2.0 bar 3.0 bar 2.0 bar 3.0 bar 2.0 bar 3.0 bar

Indicator 12 0.06% −0.14% 0.06% −0.14% 0.06% −0.14% 0.06% −0.14%

Indicator 13 0.15% 0.09% 0.15% 0.09% 0.16% 0.08% 0.17% 0.06%

Indicator 14 −0.09% −0.18% −0.08% −0.18% −0.08% −0.19% −0.07% −0.21%

Indicator 15 0.57% 0.31% 0.57% 0.31% 0.56% 0.31% 0.56% 0.32%

Indicator 16 0.04% −0.02% 0.05% −0.03% 0.05% −0.03% 0.06% −0.04%

Indicator 17 0.04% −0.02% 0.05% −0.02% 0.05% −0.02% 0.06% −0.02%

Indicator 18 0.55% 0.45% 0.56% 0.45% 0.55% 0.44% 0.57% 0.43%

Table 12 Sensitivity analysis: frequency-load influence on vertical response

� fz
fz0

= 0% � fz
fz0

= 5% � fz
fz0

= 10%

2500 N 6500 N 2500 N 6500 N 2500 N 6500 N

Indicator 1 −35.48% 34.47% −35.60% 34.60% −35.67% 34.68%

Indicator 2 −26.78% 34.57% −28.04% 32.35% −28.71% 30.80%

Indicator 3 −21.31% 31.84% −20.99% 32.77% −20.46% 34.26%

Indicator 4 −47.87% 52.32% −48.54% 51.25% −49.11% 48.33%

Indicator 5 −41.99% 41.09% −41.60% 41.66% −41.21% 43.28%

Indicator 6 −45.62% 47.96% −45.92% 47.60% −46.00% 46.33%

Indicator 7 −84.19% 33.87% −82.02% 48.41% −80.84% 59.82%

Indicator 8 9.16% 16.61% 22.07% 35.39% 32% 56.24%

Indicator 9 27.74% −5.97% 30.29% −1.59% 34.82% 7.09%

Indicator 10 −14.21% −11.94% −8.83% −3.57% 0.66% 16.44%

Indicator 11 −14.00% −11.81% −9.07% −3.02% −0.40% 17.23%
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Table 13 Sensitivity analysis: frequency-load influence on longitudinal response

� fz
fz0

= 0% � fz
fz0

= 5% � fz
fz0

= 10%

2500 N 6500 N 2500 N 6500 N 2500 N 6500 N

Indicator 12 −0.15% −0.08% −0.16% −0.09% −0.18% −0.10%

Indicator 13 −0.14% 0.03% −0.14% 0.04% −0.16% 0.04%

Indicator 14 −0.37% −0.05% −0.35% −0.08% −0.35% −0.09%

Indicator 15 −0.60% 0.35% −0.60% 0.34% −0.58% 0.33%

Indicator 16 −0.15% −0.02% −0.15% −0.03% −0.17% −0.03%

Indicator 17 −0.25% 0.01% −0.25% 0.02% −0.25% 0.03%

Indicator 18 −0.43% 0.05% −0.41% 0.03% −0.41% 0.01%
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Fig. 17 Vertical response at high camber angles

Table 14 Camber 8◦, 4000N

SWIFT SWIFT-evo Percentage difference

1st peak 5156 N 5347 N 3.7%

1st valley 5043 N 5185 N 2.81%

2nd peak 5514 N 5564 N 0.91%

2nd valley 5058 N 4990 N −1.34%

3rd peak 5422 N 5241 N −3.34%

Table 15 Camber 10◦, 6000N

SWIFT SWIFT-evo Percentage difference

1st peak 6997 N 7250 N 3.61%

1st valley 6650 N 6513 N −2.1%

2nd peak 7798 N 7680 N −1.54%

the model reliability and extending its applicability
domain.

The SWIFT-evo model has been conceived with a
physically consistent formulation that eliminates kine-
matic approximations and linearization hypotheses by
adopting time-varying transformation matrices calcu-
lated instant by instant, not neglecting eventual relative
angles between rim and belt bodies andwithin dynamic
applications characterized by a higher camber angle.

Several non-negligible linearization hypotheses and
kinematic approximations are included into the orig-
inal SWIFT model to simplify the analytical descrip-
tion. These have been overcome by the authors to allow
the exploitation of the SWIFT-evo formulation in more
extreme kinematic conditions, for example with higher
camber angles. On one hand, the removal of these sim-
plifications allows the employment of the same ring-
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based formulation, whose parameterization is based on
well-know and industry standard testing routines. On
the other hand, a more accurate mathematical descrip-
tion prevents accumulating errors.

The contact mechanics of the SWIFT approach,
employing elliptical cams placed on the contact patch
contour to generate the effective surface on three-
dimensional road unevenness, has been updated. The
front cams have been substituted with hermitian para-
metric curves, allowing to reproduce the typical initial
tire-obstacle indentation phase, and the cams’ dimen-
sions are not more kept constant. Furthermore, the
contact patch size, shape and position now vary with
the operating conditions in according to the nonlin-
ear dependency derived from experimental data and/or
modeled with a higher order tire structural model.

Finally, the natural frequency and damping ratio are
made dependent on the vertical load, inflation pressure,
and angular velocity through a semi-empirical relation-
ship consistent with experimental modal analyses in
available literature. The MF-standard has been substi-
tuted by an advanced multiphysical MF-evo in order
to improve the model performance in handling appli-
cations including a significant influence of thermody-
namic and wear effects.

To assess the model’s accuracy, both the original
SWIFT and the proposed enhanced SWIFT-evo formu-
lations have been calibrated and compared toward the
same experimental data. For the sake of completeness,
the calibration procedure has been described, putting in
evidence the specific datasets used to parameterize sin-
gular sub-models and physical dependencies. SWIFT-
evo model’s sensitivity analysis is also provided to
investigate the impact of the proposed improvements
on the overall tire response.

The aim the SWIFT-evo model is to provide a reli-
able and computationally cost-effective formulation for
both handling and ride and comfort scenarios. In addi-
tion, another desired objective is to allow the model
employment in embedded onboard applications in the
fields of virtual sensing and vehicle model-based con-
trol.

Although theMF-evo integration represents the first
step for giving a multiphysical identity to the model, it
does not significantly affect the vertical response in ride
and comfort scenario. Therefore, an interesting topic
of a future work will address the investigation of the
thermal and wear effects upon the tire modal response.

Another research step will consist in the study of the
enveloping cam-tandem sub-model calibration toward
the inclination angle variable, extending the asymmet-
ric contact patch validation. In the current work, both
the horizontal distances between left and right cams
have been supposed to vary with the inclination angle
proportionally to the respective contact patch size, in
according with the contact patch data.

Finally, the application in a dedicated vehicle sim-
ulation environment, allowing to couple the vehicle’,
suspension’s and tire’s dynamics, will be addressed.
The development of this application, including high-
precision kinematic relationships and tire’s multiphys-
ical nonlinear dependencies, could represent a holistic
solution for optimizing the vehicle performance in both
handling and ride comfort scenarios.
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